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AN INVERSE PROBLEM FOR A LAYERED FILM
ON A SUBSTRATE

Romanov V.G.

Abstract We consider a heat interaction of a layered film laying on a solid substrate with
laser modulated with frequency w. Under the assumption that the thickness of the film is much
smaller than 1/4/w while heat conductivity of the film is very high, we derive an approximate
far field solution to the heat equation and demonstrate that the found asymptotics of the
solution can be used for finding averaged parameters of the film.
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1 Introduction

Let a layered film be on a homogeneous substrate which coincides with half-space
R? := {(x,y, 2)| > 0}. Suppose that the film consists of n layers Q; := {(x,y, 2)| z; <
z2<zi1},j=1,...,n, where 0 = 29 > 2y > ... > 2, = —h, hj := z;_1 — z; is the
thickness of €; and h > 0 is the total thickness of the film. We assume that h << 1.
Let T'(x,y, z,t) be a temperature at point (x,y, z) at a time t. The heat conduction
equation is

788—7; —div(AVT) = 0,
where v = ¢p and ¢, p, A are the specific heat of the medium, its density and the
thermal conductivity, respectively. Values of v and X in ©2; and R? are assumed to be
positive constants and be v;, A; and 7, Ao, respectively.
Assume that a heat source is a laser modulated with the frequency w > 0, which is
applied on the boundary of the film at point (z,y, z,). It corresponds to the boundary
condition

T
)\ng—z = [po(z,y) exp(iwt), 2z = z,,

where I is the intensity of the laser beam. Steady-state temperature can be represented
in the form 7" = u(r, z) exp(iwt), where r = /a2 + y? and u(r, z) is a solution to the
equations

div(A\Vu) — iwy,u = 0, (1)
satisfying to the boundary condition
)\n% - ]OE & = Zn, (2)

0z onr’
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and the radiation condition at infinitely. Because parameters v and A are piecewise
constant functions of z, equation (1) can be rewritten inside Q; and Qg := R? in the
form

Au—iwpju=0, j=0,1,...,n, (3)

where 1, = v;/); is the value that is inverse to the thermal diffusivity in ;. It is also
required that the following conditions must be satisfied on the boundary interfaces
between €2;_; and 2;:

ou ou
Ul om0 = Ulo=zjr0, Ajp157 = Ao ,7=0,1,...,n—1 (4)
’ ’ 0z z=2;—0 0z z=z;+0
Let F(r) := u(r,0). In next section we derive an asymptotic formula for this

function as r — o0, i.e., the far field asymptotics, under the condition that vi <<

J
w << This formula contains parameters \g and po of the substrate and the

1

nsh?

following integral parameters of the film: a = ) h;\;,b = > h;y;. Values a/h and
j=1 j=1

b/h are the averaged conductivity A; and specific heat v of the film, respectively, and

a/b:=1/uy is its averaged thermal diffusivity.

We consider the following inverse problem: knowing parameters of the substrate
and the far field asymptotic on plane z = 0, find the parameters a and b of the film.
This problem is important for applications.

In this paper we demonstrate that if apg — b = 0, ie., a(py — pr0) = 0, then far
field asymptotics of F'(r) corresponds the field of the substrate. In this case having
asymptotics of function F(r) as r — oo, one can only conclude that b — aug ~ 0.
In opposite case, if 119 # pir, the far field asymptotics contains two terms, the first of
these terms presents a surface heat wave [1] and the second one is related with a branch
point determined only by parameters of the substrate. The first term depends on a
and b while the second one depends on the combination b — apy only. We show that
under the condition py > 15 the first term dominates for sufficiently large frequencies,
namely, if A\g << 2a+/|po — ps| vVw << 2abw/Ng. In this case one can uniquely find
both parameters a and b. If the second term dominates (it is always if pp < pg), then
one can find only the combination b — apyg, in general.

2 Far field asymptotics

Introduce the Bessel transform of function wu(r, z) with respect to r:

v, 2) = /u(r, 2)Jo(ré)rdr.
0
Applying this transform to relations (1) — (4), we find that function v(&, ) satisfy the
equations and a boundary and interface conditions of the form
v — (& + lwpj)v=0, zé€(z,z-1), j=0,1,...,n, (5)
AV = 1o/27, 2= 2z, (6)

VU]2=z,—0 = V]2=z, 40, )\j+1v’|zzzj70 = )\jv'|zzzj+0 ,j=0,1,...,n—1, (7)
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where v' means derivative of v with respect to z and z_; := cc.
According to these relations, function v can be represented in the form

aje Pi* 4 befi* 2z € (z5,2-1), j=1,...,n,
age %oz, 2> 0,

() = {
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(8)

where 3; = /&2 +iwp;, j = 0,1,...,n. Here the such branch of the square root is

taken that accepts positive values on real positive semi-axis. Constants a;, b; satisty

the relations
_/Bn)\n (ane_ﬂnzn _ bneﬁnzn) — _[(]/27T7

aje—ﬂjzj—l + bjeﬁjzj—1 —_ aj_le—ﬂj—12j—1 + bj_le,gj—lzj—1’

NiBj (ajePizimt — byefizizt) = N1 By (ajoae” %5t — by qefimiaint)
j=1,...,n,

where by = 0. Denote

Cj = ajefﬁjzf + bjeﬂjzj, dj = )\jﬁj (Cljeiﬁjzj — bjeﬁjzj) .

% i Bizj e C_J_i —Bizj
af_<2+2Ajﬁj>e ’ bﬂ_<2 oG )¢

and relations (10) can be written as follows

Then

cj cosh(h;fB;) — djsinh(h;B;)/(A;B;) = ¢j-1,
¢;AiB; sinh(h;B;) — dj cosh(h; ) = —d;,
7=1,...,n,

Cj o . Cj,1 . _
(dj)_sj(dj1>’ j=1,...,n,

where the matrix S; is determined by the formula

S; = cosh(h; ;) ( \ B, taih(hjﬁj) tanh(@ﬁf)/@‘jﬂj) ) ‘

Hence,

Note that Co = Qop, d[) = CL(]/\O/B(). Therefore,

Cn \ 1 -
<dn)—a05()\oﬁo>7 S_SnSnfl---Sl-

Denote elements of the matrix S by s (€),i, k = 1,2. Then relation (9) implies

I
2521 (&) 4+ Aofo(§)s22(E)]

apg = —

(9)

(10)

(12)

(14)
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The collection of formulae (8), (11) — (14) determines function v(&, z) completely. Then
function u(r, z) is found as the inverse Bessel transform

o

u(r, z) = / o(€, 2) T (rE)€ de. (15)

0

Consider the function
f(&) = 521(8) + Aofo(§)s22(),

which coincides with the denominator in formula (14). Suppose that

X185 >> 1,

ie., yjw >>1for j =1,2,...,n. Then matrix S; can be uniformly for all £ approxi-
mated by the matrix

Sj = cosh(h; ;) ( A taih(hjﬂj) (1) ) '

Hence,

S = jl:[lcosh(hjﬂj) ( z’;zl A;B;tanh(h;B3;) 1 )

and

£(€) =[] cosh(n;8;) [Z A;B; tanh(h;85) + AofBo
j=1 j=1
Denote real and imaginary parts of 3; by x;, 0;, respectively. Note that x; > /wp;/2 >
0,0 < 0; < \/wp;/2, and tanh(h;F;) is determined by the formula

2sinh(h;x;) cosh(h;x;) +isin(2h 0,
tanh(h;B3;) = 2({] 51)2 ; (h; J? o (2h; J)_
cosh”(h;x;) + sin”(h;0;)]

Assume that h,/wp; << 1, ie., hjo; << 1for all j = 1,...,n. Then the real and
imaginary parts of tanh(h;3;) are positive. Therefore

Im [Z )\jﬁj tanh(hjﬁj) + )\oﬁo(f)] >0

j=1

and |f(£)] > 0 for all £ € R. Moreover, function |f(£)| exponentially increases as
|€] — oo. Hence, integral in (15) exists for every z and 7.
Consider the asymptotics of the function

[e.9] o0

F(r) = ulr,0) = [ ol 00¢ds =~ [ %

0 0
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as r — 0o. Then only small neighborhood of the point £ = 0 is important when the
latter integral is computed. Therefore, one can use the following approximation for

function f(§):
F(€) = D hidiff} + Mabo(), (17)
j=1
which is valid for £ << 1/h and h is small by the assumption. Hence, F(r) is well
determined by the approximate formula

o0

Py = _Jo / Jo(r€)€ de | (18)
2y > hAB(E) + Mafh(€)

as r — 00. To evaluate the last integral, use a deformation of the integration path in
the complex plane ( = £ + in. First of all consider the function

FQ) =Y hiNiBF(C) + AoBo(¢) = al® + ibw + Aor/C? + iwpto,
j=1
where
a:Zhj)\j, b:Zh]’yj
j=1 J=1

On real axis this function coincides with denominator of the integrand in formula (18).
Function f(() is analytic on two-sheeted Riemannian surface corresponding to square
root /(% 4 iwpg. Define the upper sheet by the condition Re+/(? + iwpg > 0 and
consider function f(¢) on this sheet in the half-plane Re { > 0. In the fourth quadrant
on the (-plane, there is a branch line which correspond to /(2 + iwpg and coincide
with the part of the hyperbole 2£n + pow = 0 on which £2 — n? < 0. It is determined
by the parametric equations ¢ = ((7) = &(7) + in(7), where

fhow \/T + /72 + (pow)?

lr) = -
\/2<7'+ 72—|—(u0w)2) ! V2

and parameter 7 € [0,00). The branch point is (, := (1 —1)\/pow/2. Consider two
sides of the branch cat: I'y := {{(7) = &£(7) + 0+ in(7)|7 € [0,00)} and T'_ :=
{C(r) = &(r) — 0+ in(r)|7 € [0,00)}. Then /(?+iwpy = —iy/7 along I'y and

V(2 +iwpg =i4/7 along T'_.

In the case b = apy, function f(¢) can be represented in the form

§(1) =

fO) =V + iwuo(a\/@ + wpy + )\0>.

Hence, in half-plane Re ¢ > 0 function f(¢) vanishes only at the branch point. Assume
now that b # apyo, i.e., iy # po, (vecall that 1y :=b/a). Then in that half-plane there
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exists an unique point (y such that f({y) = 0 and ¢, belongs to the fourth quadrant.

Indeed, the equation
al? 4 ibw + Ao/ C2 + iwpg = 0

is equivalent to the equation
a’¢t + (2iabw — \3)¢? — b*w® — i pow = 0

under the condition that Re ¢? < 0. Hence,

Co = \/Ag — 2iabw — AO\/E/ (a\@)

is the unique simple root of function f({) in half-plane Re { > 0. Here v := 4aw(apuo —
b) = 4a*w(po — py). Check that the point {y = & +iny belongs to the fourth quadrant.
Indeed, we have Imy/A3 +iv > 0 if v > 0. Hence, Im(Z < 0 if o > py. However,
it is still negative even if iy < p1y because in this case we can use the representation

—2abw = —2a*pow + v/2 and find that Im (Z = —pew + v*A, where A = ()\0\/5 +

\/)\3 + /A + V2) ()\3 + VA + 1/2>/(4a2) and v < 0. So, it is always Im (3 < 0 and
Re(? < 0. Hence, Im(y < 0. Thus 1/f(¢) is analytic function in the first quadrant
and has simple pole at point ¢y in the forth quadrant if 11y # 1.

Give a more detail location of (j in the fourth quadrant. Using the previous equality
Im (2 = —pow + 3 A, we conclude that the sign of Im (2 + pow = 2&m0 + pow coincides
with the sign of v. We also have that Re(? = & — n2 < 0. These facts imply, that
(o is located in the domain bounded by the branch line, the strait line & = —n, and
axis n if po > py; and (o belongs to the domain located below the branch point ¢
and bounded by the branch line and the diagonal & = —n if py < py. Note that
the branch point ¢, belongs to the diagonal & = —n. If daw|apy — b] << A%, ie
4(hAf)* o — pplw << A3, then (p is close to (. If w is high enough, namely, if it
satisfies the inequalities Ao << 2a+/|po — pir] Vv << 2abw/Xg, then ¢ ~ —ipw,
hence (y is close to the diagonal £ = —n. Moreover, Im (o > Im ¢, if po > py and
Imp < Im¢yif po < pus.

We return now to calculation the asymptotics of F'(r) for large r. Bessel function

Jo can be expressed by the first and second Hankel functions Hél), Hég) as
Jo(r¢) = 3 (HP00) + BP0 ).

Because function H (TC ) exponentially decreases as |(| — oo and Im ¢ > 0, and the
integrand is an analytic function in the first quadrant, one has

/H” ede /H ndn

For calculating the integral of Hé2), take the closed path of integration in the fourth
quadrant which goes along real axis £ from the origin to oo, along the infinitely circular
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arc in clockwise direction and then along the side of the branch cat 'y = {{(7) =
(1) +0+in(r)|7 € [0,00)} from 7 = oo to 7 = 0 and then along the other side

= {{(r) = &(1) =0+ in(7)|7 € [0,00)} from 7 = 0 to 7 = oo and along the
imaginary axis n from —oo to the origin (see, e.g., the similar path in [2], p. 246).
Then the integral along this closed path can be calculated by the residue theorem
(if us # po) and the integral along the circular path vanishes because the function

H, (2)(7{ ) exponentially decreases as || — oo and Im { < 0. Therefore,

/H %Mf /H lmMn2ﬂ r@ /H mc

where f’ means the derivative of f with respect to ( and I' = T'y |JI'_. Because
f(=in) = f(in) and H(Q)(—irn) = —H(l)(im) we find

o H, w@)@ ‘/f#”r<<d<

PO ="55)

= Fi(r) + Fy(r), (19)

Noting that

oo Co[2ar/§ + ipow + )\o
V Cg 1/~L0W vV go + 1w

Fu(r) = il Hy (rGo) /@ = G (20)

[%«@—G+%}
This function presents the heat surface wave which occurs as consequence of the layered
medium (see also [1], [3], [4]). If 4aw|apg — b] << A3, i.e., 4(hA;)?|po — pplw << A3,
then (p is close to ¢, and function Fj(r) becomes small. If apg — b = 0 then Fi(r)
vanishes and the asymptotics of Fg(r) coincides with the asymptotics of the function

f'(Co) = 2ado +

we find that

o) {/H (r¢)¢ dg
0= T | Ve
which corresponds the field of the solid substrate.

Transform the integral over I' to a more convenient for calculation form. Noting
that

A1) +i(bw = XovT), ((r) €Ty,

ag
ag*(1) +1i(bw +XovT), ((1) €T,

L (HOGOCA I T idov/7((r) ¢'(r) dr
Fy(r) = _F/T N _%O/HO (r¢(r)) [a C3(T) +1bw]? + N2t

(21)

_E/Hg)(?do AO\/WC d¢

[a(? 4 ibw]? — N2(C2 + ipow)
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where and ((7) determines the branch line and (’(7) stands for the derivative of { with
respect to 7. In the last integral the integration direction along I'; is taken towards to
the branch point.

When r is large, we have the asymptotic expansion of the Hankel function such as

2 itr—nya) [1+00r™ )], (22)

2
HY(r) =/

where O(r~!) means the first order term with respect to 1/r. Taking into account
formulae (20), (22), we find that

Fi(r) = ;;;eJJ’Q)BDO-+-C?(T_1)}, r - oo, (23)

Do — Io(—=141)/C3 + ipuow (24)
0= , .

V(o [2a+/C3 + ipow + Ao
To determine the asymptotics of Fy(r), consider d-neighborhood of the branch point
and inside its the segment L := {¢ = (, —ir| 7 € (0, )} of the straight line along which

the integrang exponentially decreases. For ( € L we have the following representation
of the integrand:

where

: —‘rgb—rT
Iy HéZ)(TC) Ao/ C% +ipow ¢ et \/?[go N (’)(T)],

or [aC2 +ibw]? — N3(C2 +ipow) VT

where .
o — Io(1 =) Aov/Gp
0 — .
2V w2 (b — app)?
Then the contribution from the neighborhood of the branch point (, as r — oo is as
follows(see, e.g., [2], p. 228, where the similar calculations are made):

(25)

efirgb efier

4
B~ [evrar=

0

[%+afﬂ,

r2

where qq = go\/7/2.
Finally, we obtain the far field asymptotics of F'(r) as 7 — oo of the form

F(r) = % eirdo [po+ O H)] + T_lz e IrG [0+ O], b#au. (26)

Note that the latter formula holds good if b — apy is not very close to zero. Recall also
that formula (26) is derived under the condition that

1 1
—<<w<<—— j=1,2,,...,n
Y pih

We see that asymptotics of F'(r) consists of two terms. Depending on the location
of {y and (p, the first or the second term can dominate. The most interesting case for
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our goal is when the first term is leading. It is happened if and only if o > py. It
was shown above that in this case 0 < —Im(y < Im(, for sufficiently large frequencies,
hence, the first term in (26), which corresponds to the surface heat wave, dominates
for large r.

If pif = p1o then the integrand in formula (21) has the following expansion for ¢ € L:

o NV Fipgwg et g
27rH0 (r¢) [a % +1bw]? — N3(C% + ipow) - VT \/F[g +O(T>]’

£ _ L(—1+1)VG
g NN

Therefore the far field asymptotics of F(r) is found then by the formula

where

F(r) ~ q?e’i’"c’?, r—o0, ¢ =g"/r, b=au, (27)

and coincides with the far field asymptotics for the solid substrate.

3 Recovering averaged parameters of the film

Now consider the problem of determining the parameters a and b via function F(r)
given for large r. We assume here that \g, pg and w, Iy are known. Then the expression
in right-hand side of (27) can be calculated. If the calculated function coincides with
given function F'(r) enough good for large r, then we can conclude only that apug —
b is close to zero. In opposite case, function F(r) must be good approximated by
the expression in the right-hand side of (26). Let us consider the function F(r) :=
r? F(r)exp(ir¢y). If this function is good approximated by a constant for large r, then
this constant necessary coincides with ¢g. It means also that in this case the second
term in (26) is leading. Then we can find ¢y and gy = 2¢o/+/7 and calculate the
combination b — af using formula (25). In this case it is impossible to determine a
and b separately, in general, since the first term can decrease very strongly as r — oo
and be lower a noise.

If function F'(r) has no a finite limit as 7 — oo, it means that the first term in (26)
dominates and function F'(r) must be good approximated by the formula

_ P
\/F

Then one can find (y = & + ing and, hence, calculate

all +ibw = —Xg\/ 2 + ipow.

This relation is uniquely determines a and b, because & — n3 # 0 and 2&ym0 + pow # 0
(the latter was proved in the previous section).

To determine ¢y one can use the following algorithm. Take the function x;(r) :=
log(|F'(r)|y/r). According to formula (28), function x;(r) is a linear function with its
slop equal to n9. So, 19 can be found by the least-squares method. Then the function
X2(1) := F(r)\/r exp(—nor) must be closed to the periodical function pyexp(—iré),
therefore one can easily find &;.

F(r) e_iTCO, T — 00. (28)
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