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Abstract The Radon transform generates many other integral transforms in integral geometry and
tensor tomography. Together with complicated geometrical objects, the weighted ray and Radon
transforms arise. Usually symmetric tensor fields are considered as the object should be reconstructed.
We consider complete, symmetric and difference non-symmetric tensor fields of small ranks as the
objects for applications in integral geometry and tensor tomography. The structure and differential
properties of such fields are investigated. We establish a decomposition theorem for a complete tensor
field, properties and attributes of solenoidal and potential fields.
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1 Introduction

The well known [I] Radon transform R over a function ¢(z), = = (x!,2%) € R?, § € [0,27),
s eER,

o)

(Re)(6,5) = / o(sE(0) + tn(8))dt, 1)

— 00

generates numerous generalizations in tomography and integral geometry [2]-[6]. In (1)) we
use designations & = (€',£2) = (cos,sinf), ¢+ = n = (n',7?) = (—sinh, cos ) for normal
and direction vectors of a straight line L¢ , € R?, along which the integration is carried out.
The line is defined parametrically, = s + tn, or by the normal equations, ({,x) — s = 0.
Here (-, -) is the inner product in R?. By B, 0B we designate the unit disk and the unit
circle.

In mathematical models of 2D tomography of symmetric tensor fields [5] values of the ray
transforms are used as initial data. The ray transforms 737(7{), m > 0 integer, 7 = 0,...,m, act
on symmetric m-tensor fields w(z), = s§ +tn, and convert them into functions g%) (&(0),s),
according to the rule

(PDw)(E,s) = / Wiy iy (86 4 t0) €1 gt yimdt = gD(€, 5). (2)

In and formulas below we use the Einstein rule according to which by repeating above
and below eponymous indices the summation from 1 to 2 is effected.

In recent years, the interest of researchers attracted to the ray transforms over moments
of tensor fields
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(P w)(€,s) = / tFwg, i (s€ 4+ tn) €0 gt pimdt = gU) (¢, ), (3)

As a rule, the researchers are talking about symmetric tensor fields, but we would like to
use the fields belonging to three different classes. They are the complete tensor fields w(©),
symmetric tensor fields w(® and their difference non-symmetric fields (later on “difference
fields) w(©) = w(©) — (),

The ray transforms of the fields w(®, w(¢) in context of integral geometry or tensor to-
mography were rarely considered previously. With some exceptions (see [9]), the longitudinal
ray transforms of symmetric tensor fields or their moments are usually considered. Note that
the structure, geometric and differential properties of symmetric tensor fields, especially those
defined on the plane, are well studied [3], [5], [7], [8], which cannot be said about the fields
w(©, w(e) . We restrict the purpose of this work by a study of the structure, differential
properties and relationships of the tensor fields w(®), w(), w() of small ranks. The research
results are expected to be used in constructing inversion procedures and formulas, developing
approaches, constructive methods and algorithms aimed at the problem of recovering tensor
fields of types w(®), w() from the ray transforms over moments of tensor fields (13))-

Section 1 provides introductory notes and necessary definitions. In the next sections
we consider tensor fields of small rank defined on the plane, belonging to three different
classes. We distinguish between a complete, symmetric, and difference field. The structure
and relationships of the fields of ranks 1-4 are studied in detail. We establish differential and
geometric properties, signs of potentiality and solenoidality. The decomposition theorem for
the complete tensor field w(® is proved.

cs)

2 Definitions and preliminaries

Let wus recall the notations and definitions of certain sets and functional spaces.
B = {(x,y) € R?|2?+y* < 1} is the unit disk with the boundary (unit circle) 0B = {(z,y) €
R? |22 +y* = 1}; St is a set of vectors of unit length, S' = {¢ € R?|[|¢] = 1}; T™(B) (S™(B))
is a set of given in B (symmetric) tensor fields of rank m; C*(B) is a functional space of con-
tinuously differentiable including their derivatives up to the order [ functions, defined in B;
Ls(B) is a space of integrable with square in B functions; H'(B) (H}(B)) is Sobolev space
of integrable with square, together with their derivatives up to the order [, [ integer, [ > 0,
defined in B functions (vanishing on the boundary 0B along with their derivatives up to the
order [ — 1), H°(B) = Lo(B).

The definitions of the functional spaces can be easily transferred to the spaces of tensor
fields by applying them to each component. These are the spaces C!(T™(B)), (C'(S™(B)))
HY(T™(B)), (HL(S™(B))) of the (symmetric) m-tensor fields, [, m integers, I,m > 0. Below
the symbol B in the notation of the listed spaces will be omitted. Moreover, the most
part of further considerations do not need in the values of a tensor field on the boundary,
so the concrete domains of defining tensor field are not important. We consider m- tensor
fields R, P©) Q) ¢ HY(T™(B)), I,m > 0, with components Rz(lc‘)nim, Zl i Q“ i
i1,...%m = 1,2. The operators V, VL : HY(T™) — H'=Y(T™*+1), 1 > 1, act on the complete
fields, R(®) € Hl L(T™(B)), P©9,Q) ¢ H=YT™(B)), 1> 1, m > 0, according to the rules

OR( ¢) 8R(C)
(c) L 11.im () L 1 o 11...0m
P = (VR(@)Z,L“%] W, Qi iy =(V R(C))il...imj = (-1) W

The operators V, V+ are non-commutative, V(V+)R(© # VL (V)R
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An m-tensor field P9 is potential if there exists an (m — 1)-tensor field R(®) such that
Pl —vywvR(©.

Designations d, d* are used for the operators of inner differentiation and inner orthogonal
differentiation, mapping a symmetric m-tensor field w into symmetric tensor fields u®) p)
of rank m + 1. The image of the operator of inner differentiation d : H}(S™) — H!=1(S™+1),
[ >1, is the field u(®) with the following components:

m  Aw (s)

o (s) o .
ugf) dmi (dw( ))il...imj = L ( Wir..im + Z 1o llg—1J0hk41- m), (@)
k=1

m—+1 oxJ Oxtk

The operator of inner orthogonal differentiation d* provides the field v(*) according to the
rule
(S m (5)

. | joul) W,
'Uz(l) lmj (dJ— ( ))il---imj = 7<( _ M--tm Z 1ol —1J0k 41 )7 (5>

m+1 w3 Ox3~k

dt: H(S™) — H!Z1(S™*1) 1 > 1. The operators d and dJ- are commutative,

(ddH)w® = (d+ d)yw®.
The divergence and orthogonal divergence 6, §+ : H}(T™) — H!=Y(T™ 1), 1 > 1, act on the
complete m-tensor field w(®),

(c) (o) (c)
(©) = (G @) o = OWisimesi _ OWirims " OWiy 12
eedm—t fetm =t OxJ - Ox! ox2
c szgc) im_1] awz@ im_11 8“)1@ im_12
UZ(I) dm—1 ° (5Lw(c))i1...im_1 = (71)3 all.,‘é,:njil] =- 1811;71 laldmil ’

and produce the tensor fields u(9, v(©) of rank m — 1.
A tensor field R(© of rank m > 1 is solenoidal if its divergence is equal to zero, §R(®) = Q.
It is known [5] that a symmetric tensor field of rank m can be decompose to the sum of
(m + 1) symmetric tensor fields generated by potentials P9, i =0,1,...,m,

Zu )J = Z (A"l
7=0

where the operators d, d+ are defined by the formulas , . The potentials 1) generate
m-tensor fields u(5)7, 7=0,....,m.

The following assertions related to the main properties of the complete tensor fields w(®).
Proofs of them are based on the results obtained in the next sections. Thus the theorems are
direct sequences of established in Sections 2 and 3 statements.

Theorem 2.1. Let in the unit disk B a complete C'-smooth m-tensor field w©, 1>1,m<A4,
be given.

1. The field w'9 is solenoidal, Sw'® = Q, if and only if it has a form V+u(®, where u(® is
certain field of rank (m — 1).

2. The field w'® is potential, w9 = Vul® where u') is a field of rank (m —1), if and only if
the relation 6+w'® = O is fairly.

Theorem 2.2. Let in the unit disk B a complete C'-smooth m-tensor field w©, 1>1,m<A4,
and the operator G consisting of an arbitrary composition of the operators ¥V, V* acting on a
potential ¢, be given.

1. For a solenoidal field w(®) = VLG the relation 5tw® = G(Ayp) is valid.

2. For a potential field w©) = VG the relation Sw(®) = G(Ap) is valid.
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The result below is analogous to the decomposition theorem for a symmetric tensor field

I5).

Theorem 2.3. Let in the unit disk B a complete C'-smooth m-tensor field w(®, 1 < m < 4,
be given. Then there exist (m — 1)-tensor fields wz(oc),wgc) and potentials go(j), j=1,...,N,
N = 2™ such that the field w'©) (m) is decomposed to the sum of the potential and solenoidal

parts,

N
wl® = sz(,c) + Vngc) = Z kao(k).

k=1
The operators G, k =1,...,N, are the compositions of m operators V,V* in certain order,
acting on the potentials p*) k=1,... N (N = 2™ is a number of allocations from 2 elements

by m with recurrences).

3 Structure of tensor fields of ranks 1-3

3.1 Vector fields

Let in B the potentials ¢, ¢ € H(l), Il > 1, be given. We construct the potential vector field
u=Vo=dp e H YT)= H"S),

dy 8g0)’

u=Vep=dp, Vo= (v1,v2)= <@, 9.2

and the solenoidal vector field v = V¢ = d+y € H-Y(T) = H7Y(S),

oY O

=iz, who= (-2 1)

For vector fields the complete and symmetric fields are identical, and the differences between
them are identically equal to zero. We use the designations: w(® = Ve + V4, w®) =

dy + dtep.

3.2 Tensor fields of rank 2

Let w = (w;) € HY(T), I > 1, be a complete vector field. The gradient V : H}(T) —
(©)

H'=Y(T?) of the vector field w is defined in the following way: (Vw)l(-j-) = (8(;%]) The
x

opthogonal gradient V+ : H{(T) — H'"Y(T?) of the vector field w is defined as (VLw)l(-;)

= (1) ——=—. The operator of inner differentiation d : H{(S) — H'"'(S?) acts on the

8w,~ + 8wj
dxd Ozt
nal differentiation d+ : H}(S) — H'"1(S?) acts on the field w as follows: (dtw);; =
1 - Ow; - Ow;

Z((=1)7 v —1)—L

2<( 1) Ox3—J +(=1) 8x3—i>'

Let’s represent 2-tensor fields through potentials ¢, ¢, x, ¥ € H(l), [ >2,

1
field w in the following way: (dw);; = 5( ) The operator of inner orthogo-
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2 2 2 2
Fo Fyp &y 380>:d2,

v2: ;115 ¥51525 #5215 P52, :< ) ) )
¥ (<P,1,1 ©:1;2, P:2;1 80,2,2) 022’ 0z0y’ 0y’ Oy

Py 9*x 0%y 0%y
1 — — —
V(V©e) = ( 0xdy’  Oy?’ 0x%’ 8m8y>’
0% 0% 0% 0%
1 _(_ ge @
VHVx) = ( Oxdy’ 0x2’  Oy?’ 8x8y>’

%Y 0% 0% 0%
vl 20 — . . — dL 2 ]
(V)™ <8y2’ oxdy’ 0xdy’ 8:102) (d5)7
It is well known the decomposition of a vector field [5] on potential and solenoidal parts,
generated by the operators d, d*. On its base we obtain the representation of a symmetric
2-tensor field wj; through the potentials ¢, ¢ = x, ¢ € H(l), 1> 2,
o 0%
(a2 N (a2 —(1Yitd
Uiy = (d SO)ZJ - axlax]’ Vij = ((d ) w)” - ( 1) 856371'81‘37«7'7
~ 1 - 0% - 0%
Fa = L1 = — — J__ 2~ — 2 — -
Usj (d (dX))” 9 <( 1) Oz3—I Ot + ( 1) 8x3*18mf> (d(d ¢))1]
The components of this field in more details are:

~ ox _ ox _ 1, 0%y 9y
T T 102 2= ’(a(m1)2 - a(x2)2>'

9r19z2 "2 T drlox? 2
Direct computations show that the operators d and d- are commutative, d(d+y) = d*(dy).
Considering the 2-tensor field w(®) = V2p + V(V1¢) + VE(Vx) + (V)% and the sym-
metric field w® = d%2¢ 4+ d(d+¢) + d+(dy) + (d1)?%), we find their difference field w(),
1 1 1 1
w(®) = w(© — ) = (0, §A¢’ _§A¢’ 0) + (0, _iAX’ §AX’O)'
It is easy to see that both the first V(V+¢) —d(dt¢) and the second V+(Vy) — (d+dy) fields
are skew-symmetric and differ from each other in sign. Note that if the potentials ¢, x are
harmonic functions, then the indicated 2-tensor fields vanish.
The results of action of the divergence and orthogonal divergence operators on the ten-

sor fields w(®, w(®) w() of rank 2 are established in the following statement. All listed
relationships are verified directly.

Lemma 3.1. Let the C%(B)-smooth 2-tensor fields V¢, V(V+e), VH(Vy), (V1)2y, d2p,
AL )26, (&2, WD = V(TE) — d(d-d), w = —wle) = VE(Vg) — d(de) be

given. The following relations are valid:

3(VH(Vx) =0, 5((v)?¢) =0,

5 (Vi) =0, 5T (V(V©9) =0,

(678)(V?p) = 0 = (676)(d*p), (655)((VF)*9) = 0 = (867)((d™)*),
(6*)(V(V*9) =0, §(dd*¢) =0,

(6H)*(VH(VX) =0, (6)*(dd*¢) =0,

570" — _ 2 _ g, (64 — _ (5420 — g
5(V2p) = A% = 8*(d*p), (610)(V(V*9)) = A%,

(655)((VH)Vx) = A%, (B2 (V) = A% = (67)*((dH)*9),
(55)(dd*)9) = L A%, (854 (dd ) = 5%,

(5 0y = A%, (854 )™ = 2 A%y,
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The fields V+(V ), (V)2 are solenoidal, the fields V2o, V(V+¢) are potential.

3.3 Tensor fields of rank 3

Let w(®) = (wl(;)) € HY(T?), 1 > 1 be a complete 2-tensor field. The operator of gradient

V . HY(T?) — H'"Y(T?) transforms the field w(® according to the rule:

6111(6-)
(c) () _ ij
(vw)z]k wij;k - < 83316 )

The operator of orthogonal gradient V+ : H,(T?) — H'"'(T®) acts on the field w(® as
follows: c)

1N (e) kS
(VEw)S) = wl®) = (-1 S

-
The operator of inner differentiation d : H)(S?) — H'"1(S?) is defined as follows:

(dw)2) = 1(8105) ouy | aw;(ﬂ))
ik 3\ Oxk or' oxi )’
The operator of inner orthogonal differentiation d* : H{(S?) — H'~1(S?) acts on the field
w in the following way:

(@) = 3 ((-0F S (ay: ggg,'f by 2y
Here and below we introduce the notation 9py := 5~ ka 7, 0 <k, I <m, k+1=m, where m
is the rank of the field, for the operator of partial dlfferentlatlon over potential. Let’s fix an

(c)

order of location for the components of 3-tensor field u, ik generated by the potential .

wl® = (wgl)b w§1)2, wg)l? w§2)2, wé1)17 wél)za wéz)lv w§2)2)

ul® = (53090»821807821% é7124,0» 821%312907012%50390)'

We represent eight 3-tensor fields according to this order in operator form, omitting the signs
of potentials generating the corresponding tensor fields.

V( 2) = (8307631783178?2783178215%8:152,383) = d37
V(VVY) = (= 831, — 0V, —0%a, — B3, D30, 051, 951, 012),
V(VEV) = (= 851, =0V, 030, 031, —0%2, — 05, 051, 012),
V(VE)? = (9%, 005, —031, — B2, 031, =i, B50,051),
VH(V?) = (= 031, 050, — 012, 031, — 02, 031, =05, D).
VH(VVY) = (812, =%, 03, =032, — 031, 830, %o, 931),
\Y% (Vlv (6127 8317 _8317 8307 083, _8127 _8127 82 ),
VE(V)? = (= s, 0a, 0o, =031, B2, — 051, =051, 950) =
Let’s define the operator #, consisting of m operators V, V+ (or d, dJ-) in arbitrary order.

We fix the order of the operators in ‘H and set the correspondence between the indicated m
operators and the permutation (1,2,...,m). Changing the operators V, V+ (or d,d") on the

operators ¢, 5+, we obtain corresponding sequence (1,2,...,m), containing these operators in
the same order as the operators V, V* (or d,d"). The last step consists in changing the order
of the sequence of the operators §, 6+ from (1,2,...,m) into (m,m —1,...,1). The operator

‘H containing the fixed sequence of the operators V, VL is designated as H(nab) 2, m)- By
H(nab+sym) 2,.. m) we designate the operator H containing the fixed sequence of the oper-
ators d,d". In this paper we apply the operators H(nab) 2, .m) and H(nab + sym) 2, .m)



68 Polyakova A.P., Derevtsov E.Yu.

only to functions (potentials). The corresponding “inverse” sequence of the operators 6, ot is
designated as H(del) (,m—1,...,1)- We define an operator G as the sequence of (m—1) operators
V,V+ in an arbitrary order.

The results of action of the divergence and orthogonal divergence operators on the tensor
fields w(® are given in the following assertion, which is checked directly.

Proposition 3.1. Let in the unit disk B the C'-smooth, | > 3, 3-tensor fields @ The
operators G and H(nab) 2,3y consist of two and three operators V, VLt in an arbitrary order,
respectively. Then the following relations are valid:

1. For the fields of a form VG one have 5ivg¢ =0 and $VGp = GAep.

2. For the fields of a form VG the equalities 6NV+Gp = Q and 6-V+Gp = GAy hold.

3. The fields of the form NGy are potential, the fields of the form V1Gy are solenoidal.

4. For the fixed operator H(nab)(1,2,3) there exists the unique operator consisting of 3
operators 8,0+, namely H(del)3,2,1), the action of which on the operator H(nab)(i 23) gives
the operator A3. The action of any other operator consisting of three operators 6,8+ in other
order gives zero.

Symmetric 3-tensor fields w®) have four various components wii1, Wiz = Wizl = W211,
w129 = Wo12 = W21, Wao. They can be written in the form

w = (w111,w1127’w1227w222),
d®p = (950, 0310, 0120, O

209l 4\ 3 3 3 3 3 3
3d*(dr¢) = ((— 30510, (8300 — 20790), (B3¢ + 205,6), 39746),
3d(dL)2X = (38§2X7 (383X - 28%1)()7 (a??oX - 26?2)()7 3331)(),
(A2 = (= Ogsth, Do), — 03190, 05).

Notice, that d®> = V3, and (d+)? = (V+)? (see proposition 2.1), so we restrict ourselves to
considerations of action of the divergence and orthogonal divergence on the fields d2d* and
d(d+)2. Direct calculations lead to the following result.

Lemma 3.2. Let in the unit disk B the C'-smooth, | > 3, 3-tensor fields (d*d*)e, (d(d+)?)e,
and an operator H(nab + sym)(172,3) consisting of three operators d,d in an arbitrary up to
the permutations order, be given. Then the following relations are valid:

1. An application of the operators &, 6~ to the fields d’d*p, d(d+)%¢ gives the non-zero
symmetric 2-tensor fields according to the rules

2 1 1
OdPdTp) =07 (d(dT)*p) = 2dd-Agp, 07(d*dHp) = 2d*Ap, 6(d(d7)%p)=5(d7)*Ag.
2. The tensor fields (d®d*)y, (d(d+)?)¢ are neither potential nor solenoidal.
3. For the fized up to the permutations operator H(nab + sym) 2,3y there exists an oper-
ator consisting of 3 operators 8,0, namely H(del)(3,2,1), the action of which on the operator

H(nab—i—sym)(l’w) gives the operator A3 up to the constant. The action of any other operator
consisting of other up to the permutations operators 9, ot gives zero.

There are 6 nonzero 3-tensor fields w(¢®), which are the differences of the fields w(® and
w®). The first group of three fields, differing from each other by the permutations of their
components, consists of the fields formed by action of the operators u(eb) := V2v+ —d2d+,
u(e2) .= VvV —d2dt, u(e3) .= vLv2_d2dL on a potential,

3U(081)30 = (07 —8%0A90, —‘%oA‘Pa —2831A907 28%0A907 661A<P> a011A<P, 0)7

3U(082)80 — (07 _8110Asp’ 28110A§0, 861A(,0, —alloASD, _2831AS07 a&lA@7 0)7 (7)
3ul¥ o = (0,20{yAp, —01gAp, 851 Ap, —01g A, 85 Ap, =205 Ay, 0).
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Let the order of the components of the first field from corresponds to the permutation
(12345678). Then the components of the second of fields are obtained by the permu-
tation (12563478), and the components of the third field are the result of the permutation
(15372648).

The second group forms three fields w.s arising as a result of the action of the operators
V(VH)2—d(dt)?, vivvt —d(dh)?, (V4)2V —d(d*)? on a potential. These fields also differ
from each other only by the permutations of the components,

300Dy = (0,208 Ax, —851 Ax, —ioAx, 91 Ax, —B1Ax, 2010 A, 0),
302 x = (0, =951 Ax, 2061 Ax, —01oAx, —051 Ax, 2010 A, —1pAX, 0), (8)
303y = (0, =95, Ax, =91 Ax, 2010 Ax, 205 Ax, —910Ax, —1pAx, 0),

Let the order of the components of the first field from corresponds to the permutation
(12345678). Then the components of the second of the fields (8] are obtained by the permu-
tation (13245768), and the components of the third field are the result of the permutation
(15263748).

The first field from can be obtained from the first field from by changing the sign
before the components 2, 3, 5 in the field from , and then by the permutation (14627358).

Corollary 3.1. Let in the unit disk B the C*-smooth, | > 3, defined by , 3-tensor fields
ules?) plesi) g 5 =12 3. The operators H(nab)(1,2,3) and H(nab+sym) o,3) consist of three
operators V,V+ and d,d*, respectively, in an arbitrary order. Then

1. The fields @ are neither potential nor solenoidal.

2. The fields u(e) ;= () — (D) =12 3 (7), Holesd) .= (ed+3) — (s343) 5 =193
18), are equal to zero if and only if the fields wle) W) §=1,....6 are equal to zero.

3. For the fixed 3-tensor field from , with the corresponding operator (H(nab) 23) —
H(nab+sym) i 23)) there exists the operator consisting of 3 operators d, 5+, namely H(del)(3,2,1)
the action of which on the operator (H(nab)(i 2,3 — H(nab + sym) 2;3)) gives the operator
A3 up to the constant.

4 Structure of tensor fields of rank 4

A set of the 4-tensor fields w(©) in a sense of different order of the operators V, V-+ contains
16 (ie. 2% elements We remind that V4 = d*, (V1)* = (d+)*. Besides we remind the

aa:ka :, 0 < k,l <4, k+1 = 4. In these notations 16 different types of

4-tensor fields can be written as follows (we restricting ourselves by writing only operators
without potentials):

notations Oﬁl =
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V4 = (8207 8§17 8§17 6327 8§17 832, 8327 af37 8;17 8327 8327 8?37 6327 8?37 8113, 8614) )

VAVS = (=031, — 022, — 022, — 013, — 2, O3, — 013, —u, Do, 031, 051, Do, 031, 022, 02, O3

VQVLV = (_81;4.17 _6327 _6327 _81137 821107 8;17 8;17 8327 _832, _ail?” _ai”n _6(4)147 8;17 8;127 8327 8113) )
VA(V5)? = (952, 013, Oy, 0s, —031, — 023, — 023, — Oy, — 051, —0i2, —032, O3, Do, 031, 01, 022) ,
V(VL)V2 = (_83117 _6327 6:1107 agla _8327 _8f37 8{;117 6327 _6327 _8%37 a§17 832, _81137 _8347 6321 8%3) ’
VVLVVL = (8327 8%37 78;17 78327 81137 a347 78327 781137 78:;117 78327 821107 agla 76;27 781137 aéh 832) ’
V(VE)*V = (922, 013, —031, — 032, 031, — 052, Do, 051, Oy, Oa, — 0o, —Ots, 022, —01s, 031, 023) ,
V(VL)s = (_8i137 _86147 8327 81137 8327 81137 _8§17 _8;127 8327 81137 —8§1, _8327 _agla _8327 8207 aél) )

VP = (=031, Ollo, — 032, 031, — 03, 031, — 013, Oz, — 0o, D31, — 013, D3z, —Ots, O3z, — 054, Oi3) | 9)
VLVQVL = (8327 _8§17 ail37 _8;12, (9%3, _8327 8347 _61137 _8317 a;110, _8327 8;17 _8327 a§17 _8f37 8;12) )
VIVVEY = (922, 051, 015, 022, ~051, Do, 022, 031, Oz, — 0o, 0, —0l, —05a, 051, —013, 022) |
VEV(VY)? = (=05, 022, — 00, 013, 022, — 031, O, —022, 3o, — 051, Oy, — 025, — 031, 0o, —022, 051 ,
(V) = (22, ~051, —051, Do, Oy, 022, 032, 1, Oy, — 032, — 02, 051, 0o, —0i, —0is, 032) ,
(VL)2VVL = (_8i137 8;127 6327 _8;’)117 _8347 81137 8?37 _8327 8;127 _8;’)111 _8§17 841107 8?37 _6327 _0327 6;’)11) )
(V)Y = (~015, 052, 032, — 051, 03, — 051, 01, Do, —0a, O, Oy, —032, O, —03z, — 03, 031) ,
(

14 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
\Y% ) = (84()’ _8137 _8137 6221 _8137 822, 8227 _6317 _6137 8227 a227 _8317 8227 _6317 _6311 840) .

We repeat the definition of the operator H for the special case when it consists of 4 opera-
tors V, V1 in an arbitrary order. We fix the order of the operators in # and set the correspon-
dence between the indicated 4 operators and the permutation (1,2, 3,4). Changing the opera-
tors V, V' on the operators 8, 5, we obtain the corresponding sequence (1,2,3,4), containing
these operators in the same order as the operators V, V1. The last step consists in changing
the order of the sequence of the operators 6,6+ from (1,2,3,4) into (4,3,2,1). The operator
H, containing the fixed sequence of the operators V, V1, we designate as H(nab)(1,2,3.4)- The
operator H(nab + sym)(1727374) is defined similarly. The corresponding “inverse sequence of
the operators 4,0+ is designated as H(del)(4,3,2,1)- The operator G differs from H only by a
number of the the operators V, V+ which is equal to 3.

The results of actions of the divergence and orthogonal divergence operators on tensor
fields w(®) are given in the following assertion, which is checked directly.

Proposition 4.1. Let in the unit disk B the C'-smooth, | > 4, 4-tensor fields @ The
operators G and H(nab) 234y consist of three and four operators V.,V in an arbitrary
order, respectively. Then the following relations are valid:

1. For fields of the form VG the following equalities hold: §*VGp = Q and 6VGyp =
GAp.

2. For fields of the form VG the following equalities hold: §V+Gyp = O and §-V+Gyp =
GAp.

3. The fields of the form NGy are potential, the fields of the form V-G are solenoidal.

4. For the fized operator H(nab)(i 234y there exists the unique operator consisting of
4 operators 6,0+, namely H(del) 43,21y, the action of which on the operator H(nab)( 234
gives the operator A*. The action of any other operator consisting of four operators 8,6+ in
the other order gives zero.

Let’s consider the symmetric 4-tensor fields wjjri(x,y). Due to symmetry the following
equalities hold
Wi112 = W1121 = W1211 = W2111, W1222 = W2122 = W2212 = W2221,

W1122 = W1212 = W1221 = W2112 = W2121 = W2211-
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That’s why we give these fields in the form (wﬁ) (&) wl®h, wli,, wl) ).

11> Wir12> Wi122> W1222> W2222
= (8407 831a 822, 3%37 634) )
4d*dt = (—4031, (34110 - 38512) 2 (3511 - 3;13) ) (38512 - 8614) 748%3) J
6d(d*)? = (6055, 3 (95 — 051) .6 (9u — 4052 + i) - 3 (951 — Di3) ,6055)
4d(dh)? = ( 4033, (3322 a(4)4) 2 (0%3 - 8§1) ) (35110 - 33512) ,43511) ;
(@h)t= (8047 —03, 039, — 31, 32‘0) .

Notice, that d* = V4, and (d+)* = (V+)* (see proposition 3.1), so we restrict ourselves
to considerations of action of the divergence and orthogonal divergence on the fields d3d*,
d?(d*)? and d(d*)3. Direct calculations lead to the following result.

Lemma 4.1. Let in the unit disk B the C'-smooth, | > 4, 4-tensor fields d3d*yp, d?(d*)2p
d(d*)3e, and the operator H(nab+sym)(1727374) consisting of four operators d,d* in arbitrary
up to the permutations order, be given. Then the following relations are valid:

1. An application of the operators §, 6+ to the fields d3d+, d2(d+)2p, d(d+)3¢ give the
non-zero symmetric 3-tensor fields according to the rules

S(ddte) = SdtAp, S(@(dM)P) = @ Ag, (A = (@ Ag
1 1 3
FH@Pat) = [0, FH(AN) = S Ag, THAH)Pe) = Sd(@h) A

2. The tensor fields d>dtg, d?(d1)2p, d(d+)3e are neither potential nor solenoidal.

3. For the fired up to the permutations operator H(nab) 234 there exists the operator
consisting of 4 operators 8,6+, namely H(del)(4,3,2,1), the action of which on the operator
H(nab)(1,2,3.4) gives the operator A* multiplied by some constant. The action of any other
operator consisting of other up to the permutations operators 5,6+ gives equal to Q field.

We point out the difference fields w(¢®) between the fields w(® and w(®), and introduce the
designations for these difference fields,

(csl) v3vl deJ_7 (082) v?vJ_v d3dJ_
(083) VvJ_ v? deJ_ (CS4) vJ_ v3 d3dJ_ ,
w(csl) _ v2(vJ_)2 d2(dj_) w(ch) (VVJ_) d2(dj_)27
(053) _ V(VL)QV d (dL) ’ w(cs4) VL(V) \vA . d2(dL)27
(055) (VLV) dQ(dL)Q’ (056) _ (VL)QVQ _ dQ(dL)Q7
,U(csl) v(vJ_) d(dJ_)?)’ (CSQ) vJ_v(VJ_)Q _ d(dJ_)?)’
,U(CSS) (VJ_) VVJ_ _ d(dj_)?)’ U(CS4) — (VJ_)BV _ d(dj_)ii

Besides we use the following designations:
1 1 1
Ay = ~05)A, Ay = -0hA, Ay = -03A,
4 4 4
1 1 5 5
Bl - 58%1A == 2A1, B2 == —6A2, B3 == EAQ - 8%0A, B4 == 6A2 - 632A
With usage of these designations we write three groups of the difference 4-tensor fields.

The first group of four fields, differing from each other by the permutations of components,
consists of the fields formed by the action of the operators u(®7), j = 1,2, 3,4 on a potential,
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u(V=(0, = Ag, — Ao, =241, — Ao, =241, —2A1, —3A5,3A0,2A1,2A1, Az, 241, Az, Az, 0), (10)
uw(D=(0, — Ay, — Ao, —2A1,3A0, 241,241, Az, — Ag, —2A1, —2A1, —3A3, 241, Az, Az, 0), (11)
uw(D=(0, - Ao, 340,241, — Ao, —2A1,2A1, Ay, — Ay, —2A1, 241, Ay, —2A1, —3A5, Az, 0) (12)
u' M =(0,340, — Ao, 241, — Ao, 241, —2A1, A, —Ag, 241, —2A1, Az, —2A1, A2, —3A2,0) (13)

Let the order of components of the field corresponds to the permutation
(12345678910111213141516).

Then the components of the fields — are obtained by the permutations

(12349101112567813141516),
(12913561014371112481516),
(19213510614311712415816),

respectively.
The second group is formed by six fields arising as a result of action of the operators
wlesk) | =1,2,3,4,5,6 on a potential,

w(CSI) — (OaBlaBlaBz’n _BlaBQaB27_Bla _B17B27B27 —Bl,B4,Bl,Bl,O), (14)

w(®? = (0, By, =By, By, B1, By, Bo, —B1, —B1, By, By, By, By, —B1, B1,0),  (15)

w3 = (0, By, — By, By, — By, Bo, By, By, B, B3, By, — By, By, — By, B1,0 16
, D1, 1, D2, 1, D2, D4, 01,01, D3, D2, 1, D2, 1, L1, )

w® = (0, - By, By, B, B1, Ba, B3, — By, —Bi, By, Bo, Bi, By, By, —B1,0),  (17)

w(CS5) = (07 _BI)B17B27_BlaB4)B27BlaBlaB2aB3)_B15B27B17 _Blao)a (18)

w(®%) = (0, —=By, — By, By, By. By, Bo, By, By, By, By. By, B3, — By, —B1,0 19
) 1 1, P4, D1, D2, D2, D1, D1, D2, D2, D], D3, 1, 1

These fields also differ from each other only by the permutations of components. Let the
order of the components of the field corresponds to the permutation

(12345678910111213141516).
Then the components of the fields — are obtained by the permutations
(12563478910131411121516),
12875613314411121091516),
15372648913111510121216),
18365137215104121114916)
15813267314101115491216),

)

(
(
(
(

respectively.
The third group of four fields, differing from each other by the permutations of components,

consists of the fields formed by the action of the operators v(¢s) [ = 1,2,3,4 on a potential,

v “ N =(0, =343, A3, 241, Ag, 241, —2A1, — Ao, Az, 241, —2A1, — Ay, —2A1, — Ag, 3A0,0) (20)
0D =(0, Ay, —3A42,2A;1, Ay, —2A1,2A1, — Ao, As, —2A1,2A1, — Ay, —2A1, 3A0, — Ao, 0) (21)
v =(0, Ay, Ap, —2A1, —3A5,2A1,2A;1, — Ao, Aa, —2A1, —2A1, 340,241, — Ao, — Ao, 0), (22)
v V=(0, Ay, Ag, —2A1, Az, —2A;, —2A1,3A0, —3A2,2A1, 241, — Ao, 241, — Ao, — Ao, 0) . (23)

Let the order of components of the field corresponds to the permutation
(12345678910111213141516).
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Then the components of the fields — are obtained by the permutations
(13245768911101213151416),
(15372648913111510141216),
(19313511715210412614816),

respectively.
Lemma 4.2. For the 4-tensor fields with the opemtors u(c‘” ’, (csk) ’ vlesh)
. . ) the following relations are valid: Z ulesg) csk CS)—

Proof. For the first and the third sets of the difference fields it is easy to prove lemma by
direct calculations. For the second set we mneed to wuse the -equality
4Bs + B3 + B4 = 0, which is proven as follows:

4By + B3+ By = —%AQ + %N — 05,2 + %AQ — O2A = A% — 02, A — 92,

o o* o* 0? 0? 0? 0% [ 0? 0?
-~ 42— 4+ - (4 ) [+ =) =0.
Oxt + 0x20y> + oyt Ox? <8x2 + 8y2> Oy? <8m2 + 8y2> 0

O]

Proposition 4.2. The quadruple actions of the operators § and 6+ on the difference fields be-
tween the complete 4-tensor fields w(® and the symmetric 4-tensor fields w'®) give the following
equalities:

5L53(u(csl)) _ 56L52(u(032)) _ 625L5(u(c53)) _ 535L(u(cs4)) _ 2A4’
(5J_)252(w(csl)) _ 5J_55J_5(w(052)) _ 5(5J_)25(w(053)>

_ 6J_526J_(w(cs4)) — 66J_55J_( (cs5)) 52 (5J_) ( (056)) — A4,

§A4.

(5J_)35(,U(csl)) _ (5J_)255L(,U(052)) _ 5L5(5L)2(v(c53)) _ 5(5J_)3(v(cs4)) _ 1

According to the general definition of difference non-symmetric tensor fields, let’s introduce
the unified notations w(©") = () — () =1, .. 14, for the defined by —, —,

(20)-(23) operators.

Corollary 4.1. Let in the unit disk B the C'-smooth, | > 4, 4-tensor fields constructed by
the operators u(e9) | j = 1,.... 4, -, wlesk) —, k=1,...,6, vieh -,
l=1,...,4. The operators H(nab)( 234y and H(nab+ sym) 234) consist of four operators
V.,V and d,d*, respectively, in an arbitrary order. Then

1. The fields ’ . . ., . . are neither potential nor solenoidal.

2. Any field W'D, i = 1,...,14 is equal to zero if and only if the corresponding fields
@), @) g =1,..., 14 are equal to zero.

3. For the fized 4-tensor field constructed by the operator

(H(nab),2,3.4) — H(nab + sym)(i2,3.4))

there exists the operator consisting of 4 operators 8,0+, namely H(del)(4,3,2,1), the action of
which on the operator (H(nab) 2,3.4) — H(nab+ sym) 23.4)) gives the operator A* up to the
constant.
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Conclusion

On the way of generalization of the Radon transform there arise many other transforms
applied in integral geometry and tensor tomography. Together with complicated geometrical
objects, the weighted ray and Radon transforms appear. Usually the symmetric tensor fields
are considered as the object should be reconstructed. In the paper along with well known
symmetric fields we consider poorly studied the complete and difference fields of small ranks.
The structure and differential properties of the fields of ranks 1-4 were studied in detail.
We established the decomposition theorem for complete tensor fields, the differential and
geometric properties and the attributes of solenoidal and potential fields.

The work is the first step in investigations of the momentum ray transforms of previously
unused in integral geometry and tensor tomography tensor fields. The goal of such studies
along with theoretical and applied interest should be directed to the problem of recovering
previously unused tensor fields by their momentum ray transforms.
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