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Abstract To establish the influence of hydrocarbon raw materials composition, duration and tem-
perature of a reaction on the dispersion and structural properties of the carbon black produced in a
reactor, two numerical three-dimensional models for the reactor operation process are proposed. These
models are made in the approximation of the Eulerian-Eulerian approach and implemented on the
FlowVision PC and ANSYS PC platforms. In the FlowVision model a convection-diffusion equations
for the dispersed phase are used. In ANSYS PC, the movement of the dispersed phase is described
by the Navier-Stokes equations. The article also analyzes a model for describing the nucleation and
growth of carbon black particles. The Moss-Brookes model of uncontrolled formation of soot particles
during acetylene combustion was taken as the basis for the model of carbon black formation in the
reactor. To generalize it to carbon black production in a reactor under harsh pyrolysis conditions
at a temperature no lower than 1000 ◦C and a high degree of reactions heterogeneity, a number of
techniques are proposed. The numerical results of modeling the spray atomization and evaporation
of raw materials processes in the reactor are presented. The sensitivity of the mass and carbon black
particles quantaty on the constructed model input parameters was analyzed.
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1 Introduction
1.1 Characteristics of carbon black
Carbon black, the production modeling of which this article is devoted to, is one of the types
of soot [1]. Soot is a highly dispersed product of incomplete combustion or partial decompo-
sition of hydrocarbons contained in natural gases or petroleum feedstocks. Soot consists of at
least 90% carbon. Soot formation occurs during the decomposition of hydrocarbons under the
influence of high temperature and the release of carbon in the form of soot. To obtain soot,
various types of raw materials are used: technical anthracene; coal (anthracene) oil; green oil;
coke distillate; natural distillation; petroleum pyrolysis gas; acetylene. The most important
physicochemical properties of soot are the degree of dispersion, the nature of secondary struc-
tures (soot chains) and the surface properties of soot particles. The degree of soot dispersion
is usually characterized by the arithmetic mean value of the soot particles diameter. Each
type of soot consists of particles of different sizes. The specific surface of soot is directly
related to the degree of dispersion. The smaller the soot particle size, the larger its specific
surface. The degree of dispersion affects many properties of soot, primarily its enhancing
effect on rubber, since the magnitude of the adsorption forces that bind soot to rubber de-
pends on the size of the specific surface of the soot. The carbon black used in the production
of rubbers and plastics, is created from liquid hydrocarbon raw materials by heating it [2].
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The structural elements of carbon black are flat lattices consisting of six-membered carbon
cycles [3]. Approximately 3-7 such flat lattices, located not exactly one above the other, but
shifted relative to each other, form an elementary crystallite. The primary particle of carbon
black is formed by randomly but compactly arranged elementary crystallites. When carbon
black is formed during the growth of particles, their collisions occur, as a result of which they
can grow together, forming strong aggregates called primary units. The presence of primary
aggregates, their size and shape determine the property of carbon black (called structural
properties). The degree of development of the structure chain, depends on the method of
obtaining carbon black and raw materials. The furnace production method is especially fa-
vorable for the formation of primary units. When the primary structures come into contact,
they form secondary units, the degree of strength depends on the intermolecular bonds (from
weak van der Waltz bonds to relatively strong hydrogen bonds). Another characteristic of
carbon black is its dispersity. As noted above, the degree of dispersion is characterized quan-
titatively by the average particle diameter, specific surface, and also by the specific number
of particles in soot. The smaller the particles, the higher the dispersity and, conversely, the
larger the particles, the less dispersity.

The most common method for producing carbon black is the furnace method, in which
carbon black is produced by the oxidative decomposition of liquid hydrocarbon raw materi-
als at a temperature of 1100-1900 ◦C , achieved by burning natural gas in the combustion
chamber of the reactor. In [4] it is shown that technological conditions and the hydrocarbon
composition of the raw material determine the main indicators of the quality of the dispersed
product (dispersity, structural properties) Establishing the relationships between the compo-
sition of hydrocarbon raw materials, temperature, reaction time and the quality of carbon
black (dispersity, structural properties) is the main task, the solution of which makes it pos-
sible to optimize the technical and economic characteristics of the entire process. The most
difficult stage of this process is the spray atomization of raw materials into a flow of heat-
carrier gas. It is necessary to achieve the specified degree of fineness of the atomization of the
raw material and the uniform distribution of the droplets, which would ensure its complete
evaporation before the start of pyrolysis and the desired carbon structural properties. In this
case, the likelihood of coke formation contaminating the product will be minimal [4].

1.2 Models of spray and evaporation of liquid hydrocarbons in the reactor
Due to the complexity of experimentally studying the processes occurring in the production
of carbon, mathematical modeling plays a key role in improving its quality. In [5-7], two
alternative variants of a comprehensive numerical model of this process are proposed. Both
variants of the model describe in three-dimensional formulation the spray and evaporation
of liquid hydrocarbon raw material in the gas-heat carrier flow and are implemented using
the Eulerian-Eulerian approach [72], realized in [5, 6] on the FlowVision PC, and in [7] on
the ANSYS PC. In both variants, the movement of the carrier phase (gas-heat carrier and
evaporation products of the raw material) is described by the Navier-Stokes equations. To
describe the dynamics of the dispersed phase in FlowVision PC, convective-diffusive equations
are used for the concentration of particles, momentum, and energy of the phase [5, 6]. One
of the advantages of the model on the FlowVision PC is its greater efficiency compared to
the model on the ANSYS PC. In ANSYS PC, the movement of the dispersed phase, like the
carrier phase, is described by the Navier-Stokes equations [7], which require significantly more
time for their solution. A disadvantage of the model on the FlowVision PC is the need to
specify the already atomized raw material at the entrance to the computational area of the
dispersed phase through the nozzle. In fact, the model built on the FlowVision PC does not
describe the atomization of the raw material from the nozzle. It only describes the further
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Figure 1: Droplet size spectrum at the noz-
zle: 1 – diameter distribution function of
droplets obtained experimentally; 2 – selec-
tion of values for FlowVision PC calculation.

Figure 2: The process of soot for-
mation in LDF [41]: ξi – fraction of
carbon in the i-th state; S – DC (dis-
persed carbon); R – radicals; CxHy

– newly formed hydrocarbons.

evolution of the aerosol of the raw material launched through the nozzle into the reactor. The
initial spray state at the nozzle must be set. That is, it is necessary to specify the spray mode,
the parameters of which are the input data of the process modeling task on the FlowVision
PC. What needs to be determined at the nozzle output before starting the calculation? What
is needed: the number of droplet families, each with its specific droplet diameter (discrete
distribution of droplet diameters - droplet size spectrum); the volume fraction of droplets
of a given diameter, and the concentrations of droplets in each family. It should be noted
that in this task, the initial (starting) spray mode of the raw material is only needed as a
boundary condition for the model - the further evolution of the spray process, including droplet
breakup and coalescence, is well described by the model. The problem of specifying the spray
parameters of the raw material at the nozzle is usually solved based on experimentally obtained
data on the volume distribution of droplets by diameter D, normalized to its maximum value
Q(D) (Fig. 1).

The velocity of the dispersed phase (droplets) Vd m/s at the inlet is known from the
physical formulation of the problem. The volume fraction of the raw material phase at the
inlet is determined taking into account the velocity Vd and the flow rate. The experimentally
determined volume distribution function dQ

dD occupied by droplets with a diameter D and
normalized to its maximum value is shown in Fig. 1 as a solid line, and its values are presented
on the right side of the graph. Ndi - the number of droplets with a diameter di in the size
spectrum, for which the value dQ

dD (di) is calculated. The volume fraction ϕi of droplets with
a diameter di in the dispersed phase is calculated.

ϕi =
dQ

dD
(di)

/ Nd∑
i=1

dQ

dD
(di), (1)

where, formula (1) ensures the condition
∑Nd

i=1 ϕi = 1 is met. The values of the volume
fractions and the corresponding droplet diameters in the droplet size spectrum of the raw
material at the input are given in table. Also, Fig. 1 shows the histogram illustrating the
discrete distribution of droplet diameters chosen for the calculation in FlowVision PC. At the
raw material input (dispersed phase) into the reactor, its volume fraction α is set. Given
the feed rate of the raw material from the atomizer Vd = 10 m/s, the volume fraction α is
calculated by the formula:
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α =
Qd

ρd(Td) · Vd · S
where Qd is the raw material flow rate, and S is the area of the atomizer outlet, taken from
the physical problem statement.

Based on α, as well as the distribution ϕi depending on di, the concentration value of
droplets in each family (set) nd,i at the raw material input is determined from the concentra-
tion equation:

nd,i = α · ϕi(di)

V (di)
, (2)

where V (di) is the volume of a droplet with diameter di. In this model, it is assumed that all
droplets are spheres with a diameter di. The equations for particle concentration, momentum,
and phase energy are solved separately for each family i of particles.

It should be noted that when solving this problem using the Eulerian-Lagrangian approach,
from equation (2), the number of raw material droplets Ni in each family (set) corresponding
to the current diameter di from the specified spectrum of raw material droplet sizes entering
per unit time is found:

dNi

dt
= ni · Vd · S = α · ϕi(di)

V (di)
· Vd · S (3)

Table 1: Model constants of the problem, their dimensions and values
Family number, i 1 2 3 4 5 6 7
Diameter of family particles di, µ m 7.5 12.5 17.5 22.5 27.5 32.5 37.5
Family volume fraction in the phase ϕi 0.1 0.3 0.3 0.15 0.07 0.05 0.03

The model built on the ANSYS PC does not have the problem of defining the initial stage
of raw material atomization. In ANSYS PC, the movement of the dispersed phase, as well
as the carrier phase, is described by the Navier-Stokes equations [7], which can adequately
describe the initial stage of the raw material atomization process based only on general data
- the raw material feed rate and its physical parameters.

In [8], an attempt is made to take the next step in constructing a complete closed model
of reactor operation - a concept of a model for the formation of carbon black is proposed,
closing the chain of processes it models: “raw material atomization - evaporation of atomized
raw material - nucleation of carbon black particles in raw material vapors”. The present work
continues the research started in [8] on the construction of a carbon black output model, its
verification, and validation.

1.3 Models of soot and carbon black formation
In most studies concerning the modeling of carbon formation, the models describes the nu-
cleation and development of soot under uncontrolled conditions. Usually in a free burning
flame. For example, as in [9] it has been described the formation of carbon soot in a flame
of burning acetylene. Distinctive features of the process of producing carbon black in a reac-
tor are the harsh conditions of pyrolysis, which carried out at a temperature no lower than
1000◦C and a high degree of reaction heterogeneity, the raw material is fed into the reactor as
liquid, it evaporates, and then forms a solid (carbon black) [10]. Therefore, one of the goals
of the presented work is to generalize the model of uncontrolled soot formation during the
combustion of hydrocarbon raw materials to the model of carbon black formation in a reactor.
The general concept of soot formation models can be found in [11-13]. It can be formulated
as follows: aromatic hydrocarbons are formed in the gaseous environment obtained after the
combustion of non-aromatic fuel. Their structure is complicated by the successful addition of
alkyl groups. After reaching a certain size, the soot particle “condenses”. Subsequently, the
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growth of soot particles continues under the influence of the processes of coagulation, agglom-
eration and surface growth. In the simplest approach, it is assumed that the process of soot
formation is constant and depends on the composition of a particular fuel. In this case, the
volume fraction of soot is associated with the local value of the mixture fraction. The ratio
of gaseous phase components in laminar and turbulent flames extends to the concentration
of solid soot particles [14-17]. It is assumed that soot formation occurs close to stoichiometry
and that it subsequently dissipates in the flow [18-22]. In [23], for the concentrations of radical
nuclei and soot particles, two equations are solved that describe the formation of elementary
soot particles and their growth. This approach was developed in [24], which takes into ac-
count soot burnout using a vortex model of gaseous combustion, and in [25] for simulating a
fire in a swimming pool. Model [23] was applied in [26] for a full-scale explosion simulation
in a multi-room facility. The numerical results matched the real data quite well. Further
development of soot formation models based on two equations was carried out in [27-30].
These models take into account the physical and chemical processes that occur during the
formation of soot particles from the active medium, the growth of soot particles due to the
addition of elementary particles, and the combination of small particles into larger ones. A
detailed account of chemical processes is carried out in the model [31] for the gaseous phase of
a hydrocarbon mixture. This model describes the ongoing chemical processes in the presence
of a pyrolysis product such as acetylene. The latter is important for correct prediction of the
process of formation of carbon particles. Simplified chemical mechanisms of the behavior of
heavy hydrocarbons and heterogeneous fuels are studied in [32,33,34].

In order to reasonably simplify the model being created, we will consider acetylene to be the
main source of elementary carbon particles involved in the processes of formation and surface
growth. In this case, we will take into account that chemical reactions during the pyrolysis
of liquid hydrocarbons proceed much more slowly than reactions during the combustion of
acetylene. We will take into account the modification of the Brooks-Moss model considered
in [30-33], that describes the combustion process of kerosene fuel, which affects the formation
of carbon particles.

1.4 Models of soot and carbon black formation in theANSYS PC
We will separately list the models of nucleation and growth of carbon particles available in the
commercial ANSYS software. Two empirical models predict soot concentrations in combustion
systems: the one-step model by Khan and Greaves [35] and the two-stage model by Tesner
[36, 37]. The combustion of soot is assumed to be determined according to Magnussen [36].
The Moss-Brooks model [38] is less empirical and should theoretically provide better accuracy
than the models by Khan, Greaves, and Tesner, describing the formation of soot in a methane
flame in ANSYS. The Hall extension of the Moss-Brooks model [39] is applicable to fuels with
higher hydrocarbon content, such as kerosene. Finally, the method of moments [40] considers
the soot size distribution, where the diameters of the soot particles change dynamically, using
fewer empirical constants to model various mechanisms of soot formation.

1.5 The nucleation and growth of soot particles as a Markov process of
carbon transitions between defined states

In [41], an original and rather ingenious mathematical model of the nucleation and growth of
soot particles is proposed. The process of soot formation in a laminar diffusion flame (LDF) is
represented as a chain of separate stages of hydrocarbon fuels (HCF) transformation and its
states [42,43,44]: 1) formation of radicals, and then carbene-type biradicals during fuel pyrol-
ysis; 2) formation of polycyclic aromatic hydrocarbons (PAH); 3) formation of PAH dimers;
4) formation of soot crystallites; 5) formation and growth of soot particles. The presented



18 Cherny S. G., Zeziulin I. V., Tarraf D., Pochuev A. P., Boronenko I. S.

chain of soot particle transformations is shown in Fig. 2. Transverse convective transfer of
substances in LDF is absent. Therefore, it is assumed that the chain of carbon transfor-
mations in LDF during HCF combustion is implemented in the same way in all elementary
flow tubes, as in the axial flow tube passing through points F, P, S, N, G, and H in Fig. 2.
The transformations occurring are very complex and multi-stage, involving a huge number of
different compounds, mainly short-lived ones, many of which cannot be registered by known
physical methods. Therefore, the processes under consideration cannot currently be fully de-
scribed using classical chemical kinetics. In [41], the nucleation and growth of soot particles
in LDF during HCF combustion are presented as a Markov process and described by the
Kolmogorov system of ordinary differential equations (ODE), the solution of which is a set of
functions representing the probabilities of finding carbon in the defined states. When deriv-
ing the relations for carbon transition frequencies between defined states, approaches adopted
in molecular kinetics, as well as concepts of the mechanisms of soot particle formation and
growth processes, obtained from the analysis of experimental research results under LDF con-
ditions, were used. Using the obtained ODE system, numerical modeling of the mentioned
processes in LDF of iso-octane, toluene, and a mixture of iso-octane and toluene in a 1:1 ratio
at a combustion regime close to the smoke point threshold was carried out. Good agreement
between the calculation results and experimental data for LDF of toluene was obtained.

1.6 Generalization the model of uncontrolled soot formation during the
combustion of hydrocarbon raw materials to the model of carbon black
formation in the reactor

The model considered in [8] is based on two ordinary differential equations with source terms
describing the instantaneous formation of densities of two carbon quantities: the number of
particles N and their mass M [9]. The model contains the mechanisms of carbon formation and
development. These are nucleation (formation of particles due to the condensation of carbon
from the evaporation products of raw materials), coagulation (adhesion of small particles to
form larger ones), surface growth (attachment of individual atoms and radicals to the surface
of large particles) and oxidation (reactions with oxygen and OH radicals ). The model coef-
ficients, established separately for each source term responsible for the specified mechanisms,
after their summation the final form of the model is determined. These coefficients in our case
depend on the flow parameters in the reactor, the mixture of raw materials, its evaporation
products and heat-carrier gas. For example, as in [9], the model under consideration is used
to describe the formation of carbon soot in a flame of burning acetylene. Distinctive features
of the process of producing carbon black in a reactor are the harsh conditions of pyrolysis,
which carried out at a temperature no lower than 1000 ◦C and a high degree of reaction het-
erogeneity, the raw material is fed into the reactor as liquid, it evaporates, and then forms a
solid (carbon black) [10]. Therefore, one of the goals of the presented work is to generalize the
model of uncontrolled soot formation during the combustion of hydrocarbon raw materials
to the model of carbon black formation in a reactor. For generalization, two approaches are
possible.

1.6.1 Stoichiometric laws of carbon black formation in a reactor
In this approach [1,10,45], to construct a mathematical model, stoichiometric laws are used
– the equations of material and heat balance. These equations involves: the amount of gas
and feedstock supplied to the reactor; chemical composition of gas and raw materials. From
the equation, the amount of air required for the process is determined, as well as the amount
of soot and gaseous products that are obtained during soot formation. In the reactor, the
processes of combustion, pyrolysis of hydrocarbons with the formation of carbon black, occur
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simultaneously. The stoichiometric expression is written approximately The transformations
that occur in the reactor are very complex and multi-stage, they involve a huge number of
different compounds, mostly short-lived ones, many of which cannot be detected by known
physical methods. Therefore, at the present, the processes under consideration cannot be
fully described using the classical apparatus of chemical kinetics, and the compiled material
balance is not accurate.

1.6.2 Optimization method of the solution of inverse coefficient problem
In this approach, the model of the nucleation and growth of carbon particles is also based on
two ordinary differential equations that describe the instantaneous formation of the number of
particles N, their mass M and having the same structure as in [9]. But the model coefficients
for each source term responsible for the mechanisms of carbon nucleation and development
(nucleation, coagulation, surface growth and oxidation) are determined by an optimization
method for the solution of the inverse coefficient problem. The objective functions, are the
values of the two specified carbon quantities obtained during natural experiment with char-
acteristic values of the parameters of the mixture of raw materials, its evaporation products
and the heat-carrier gas in the reactor. In this article, the inverse problem is formulated, and
to solve it with an optimization method, a modified genetic algorithm similar to that used in
[46] is constructed.

1.7 The article is organized as follows
Section 1 describes the problem statement and the approaches to solve it, as well as the
assumptions that we used for the mathematical model. Section 2 contains a description of the
mathematical model in FlowVision PC. That model contains continues and dispersed phases
that are described by a different set of equations. In section 3 we showing the results of
the numerical modeling in ANSYS PC. Several hypotheses were tested in additional to the
comparison of mathematical model and experiment. Chapter 4 is devoted to substantiation
of the mathematical model of the process of the carbon black particles germination and
evolution. The mechanisms of being born and developing of the carbon black particles during
evaporation of the oil has described in the detail. The model is being analyzed. For this
model the inverse coefficient problem is posed and solved. Conclusion summarizes the study
and the results are in section 5. Calculations have been carried out for the formation time
change of the densities of two carbon quantities at the parameters characteristic values of the
raw materials mixture, products of its evaporation and heat-carrier gas in the reactor. The
found distributions of the mass and number of carbon black particles makes it possible to
evaluate the dispersion and structure of the final product. An analysis was carried out for the
sensitivity of the mass and number of carbon black particles to the input parameters of the
constructed model.

2 The implementation of the spray atomization and evapora-
tion of raw materials model, within the framework of the
Eulerian-Eulerian approach based on the FlowVision PC

The work presents two three-dimensional Eulerian-Eulerian models of spray atomization and
evaporation of raw materials injected into the chamber, created on the basis of the FlowVision
PC and the ANSYS PC. The models consider a two-phase flow: the dispersed phase describes
the behavior of the liquid raw material, and the carrier (gas) phase describes the mixture of
natural gas combustion products and evaporated raw materials. The difference between the
models lies in the approaches of describing the dispersed phase. To describe the dynamics of
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the dispersed phase, FlowVision PC uses convection-diffusion equations for particle concen-
tration, momentum and phase energy. In ANSYS PC, the movement of the dispersed phase,
as well as the carrier, is described by the Navier-Stokes equations. The disadvantage of the
model on the FlowVision PC is the need to determine the concentration of particles at the
entrance to the computational domain of the dispersed phase from the injector. Its advantage
is that it is more economical than the model on the ANSYS PC.

2.1 Mathematical model
2.1.1 Motion equations
Continuity equations for the carrier phase:

∂(ϕcρc)

∂t
+∇(ϕcρcVc) = Qmass

d −Mdṅd,

where ϕc is the volume fraction, ρc is the density, and Vc is the velocity of the continuous
phase. Qmass

d is the source term describing total evaporation (all substances evaporated mass
per unit of time) from the dispersed phase. Mdṅd is the term describing the mass change of
dispersed phase particles.

Momentum balance equation for the carrier phase:
∂(ϕcρcVc)

∂t
+∇(ϕcρcVcVc) = −ϕc∇p+∇ · (ϕcτ̂eff),

where τ̂eff is the effective viscous stress tensor, and p is the pressure. The KEFV model [65]
is used to describe turbulence. The number of liquid fuel droplets per unit volume nd is used
as the main variable to describe the dynamics of the dispersed phase.

Fuel particle (dispersed phase) transport equation:

∂nd

∂t
+∇(Vdnd) = ∇

(
νt,d
Sct,d

∇nd

)
+ ṅd,

where Vd is the dispersed phase velocity, νt,d is the turbulent kinematic viscosity coefficient of
the dispersed phase (assumed to be equal to the continuous phase coefficient νt,c), and Sct,d
is the turbulent Schmidt number for the dispersed phase (expression provided below). ṅd

describes particle concentration change.
Momentum balance equation for the dispersed phase:

∂(VdMdnd)

∂t
+∇(MdndVdVd) = ∇

(
νt,d
Sct,d

∇(VdMdnd)

)
− nd

πd3

6
∇p+ FD,

where FD is the sum of external forces, and d is the Sauter mean diameter of the liquid fuel
particles.

2.1.2 Equation of the mass fraction of evaporation products
The evaporated raw material is added to the heat-carrier gas, forming the carrier phase along
with it. Equation for the i-th continuous phase substance mass fraction Yi:

∂(ϕcρcYi)

∂t
+∇(ϕcρcYiV ) = −∇(ϕcJi,eff) +Qmass

d,i .

Here, Qmass
d,i is the continuous phase i-th substance mass source due to dispersed phase mass

change, and Ji,eff is the effective diffusion flux of the i-th substance in the continuous phase:

Ji,eff = −(ρDi + µt/Sct)∇Yi = −(µ/Sci + µt/Sct)∇Yi,

where Di is the diffusion coefficient of the i-th substance in the continuous phase, µ and µt

are the dynamic viscosity and turbulent dynamic viscosity, respectively, and Sci and Sct are
the molecular and turbulent Schmidt numbers for the i-th substance.
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2.1.3 Energy Balance Equations
The energy balance equation for the continuous medium, where total enthalpy Hc is chosen
as the primary variable:

∂(ϕcρcHc)

∂t
+∇(ϕcρcVcHc) =

∂(ϕcp)

∂t
−∇(ϕcJq) + ϕcQvis,G −Qenth

d .

Here, Jq is the effective enthalpy diffusion flux, Qvis,G is a ’viscous’ term, and Qenth
d is the

term describing enthalpy transfer due to evaporation.
The energy transfer for the dispersed phase:

∂(hdMdnd)

∂t
+∇(VdhdMdnd) = ∇

(
νt,d
Sct,d

∇(hdMdnd)

)
+Qenth

d ,

where hd is the thermodynamic enthalpy of the particle phase, and Mdnd describes the total
particle mass per unit volume at a particular point in space.

2.1.4 Fragmentation and evaporation of liquid fuel droplets
Mass transport equation of particles:

∂(Mdnd)

∂t
+∇(VdMdnd) = ∇

(
νt,d
Sct,d

∇(Mdnd)

)
−Qmass

d +Mdṅd.

This equation describes the evaporation and condensation of liquid fuel. The source term
Qmass

d is calculated as follows:

Qmass
d = ndπd

2ṁd = ndπd
2

Nd∑
i=1

ṁd,i.

Here, ṁd is the specific mass change rate of the particle phase, ṁd,i is the specific mass
change rate of the i-th substance of the particle phase, and Nd is the number of substances in
the particle phase. Droplet fragmentation (coalescence) follows the WAVE model [66], which
describes high-velocity injections in combustion chambers. The physical essence of the model
is based on the development of Kelvin-Helmholtz instability on the droplet surfaces. Within
the framework of this model, it is possible to calculate the diameter of liquid fuel particles,
which appears in the right-hand sides of some equations.

2.2 The problem of spray atomization and evaporation of raw materials in
a reactor for the furnace production of carbon black

The above model was used to solve the problem of spray atomization and evaporation of
raw materials in a heat-carrier gas flow during furnace production of carbon black. In this
problem, liquid raw materials (heavy hydrocarbons) is injected by six injectors, distributed
uniformly along the azimuth in a plane perpendicular to the axis of the reactor, into a flow
of heat-carrier gas (consisting of natural gas combustion products), as shown in Fig.3

Liquid raw materials break up into droplets and evaporate over time. After which the
pyrolysis process begins to produce carbon black.

To speed up the calculation time, modeling was performed in the 60◦ sector of the chamber
(Fig. 4) under the assumption that the solutions in other parts of the chamber are symmet-
rical, which introduces its own limitations: the model does not take into account gravity, in
addition, the model does not allow taking into account the interaction of liquid jets when
they reach the periphery of the chamber.

The geometry of the area where the system of equations described in section 2.1 is solved,
as well as the boundaries where the initial-boundary conditions are set, are shown in Fig. 5. At
the inlet of the carrier phase (1), its normal velocity is set to 422.69 m/s, gas temperature to
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Figure 3: Reactor for the production of carbon black

Figure 4: Reduced computational domain (sixth of the original)

Figure 5: Boundary value conditions for the atomization and evaporation in a furnace pro-
duction reactor problem. 1 – continuous phase inlet, 2 – dispersed phase inlet, 3 – wall, 4 –
outlet, 5 – symmetry.

2133 K, mass fraction of substances in the carrier phase (oxygen – 0.05, carbon dioxide – 0.07,
water vapor – 0.15, evaporated raw material - 0; the mass fraction of nitrogen is determined
by the condition that the sum of all mass fractions equals 1), and the volume fraction of the
dispersed phase is zero. At the inlet of the dispersed phase (2), its volume fraction is equal to
one, the particle velocity is normal to the inlet surface and its magnitude is 27.07 m/s, and
the particle phase temperature is set to 303 K. At the wall (3), the logarithmic law for the
velocity of the carrier phase is set, particle collisions of the dispersed phase with the wall are
considered elastic. A condition of zero temperature gradient for both phases is also set; there
is no mass flow through the wall. At the outlet surface (4), the pressure is set to 1.01·105Pa.
Symmetry conditions are set on the lateral surfaces of the sector (5).

Despite the fact that the described model does not include the output of carbon black,
nevertheless, it allows us to obtain information about some input parameters that affect the
quality of the product. For example, it is known that contact of liquid raw materials with the
chamber wall leads to the appearance of coke, a by-product that contaminates carbon black.
In [6], the heat-carrier gas supply rate and the diameter of the droplets at the outlet of the
injector were identified as the parameters that most influence the contact of the liquid raw
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Figure 6: Distribution of the volume fraction of raw materials depending on the input velocity
of the coolant gas

Figure 7: Experimental setup for kerosene atomization in a channel.

material with the chamber lining.
As a result of the calculations, an analysis was carried out of the sensitivity of the area

of unevaporated raw materials to the heat-carrier gas supply rate. Thus, three characteristic
cases for raw material spray atomization were identified. Fig. 6 shows the distribution of the
volume fraction of raw materials in the reactor chamber for three heat-carrier gas velocities
at the reactor inlet: 350 m/s, 423 m/s and 500 m/s. In the first case (350 m/s), a jet of liquid
raw materials droplets, reaches the axis of the chamber - in this case, interaction between
jets from different injectors is possible, which is not described within the framework of the
given model. Droplet fragmentation occurs with low intensity; complete evaporation of raw
materials is achieved only in the third section of the reactor. In the second case (426 m/s),
a greater deflection of the jet along its flow and a decrease in the area of unevaporated raw
material are observed. There is no contact with the reactor wall. The fragmentation of
droplets becomes more intense. In the third case (500 m/s), a slight increase in the rate
of droplet fragmentation and a slight decrease in the area of unevaporated raw materials are
observed compared to the second mode. But at the same time, part of the raw material comes
into contact with the chamber wall adjacent to the injector.

2.3 The problem of kerosene evaporation in gas turbine combustion cham-
bers

In [67], verification of the evaporation model was presented based on a comparison between
the numerical solution and an experiment on spraying kerosene, in a pre-mixing channel for
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Figure 8: Computational mesh used to
solve the problem

Figure 9: Boundary value conditions for the kero-
sene evaporation problem. 1 – continuous phase
inlet, 2 – dispersed phase inlet, 3 – wall, 4 – outlet.

combustion chambers of gas turbines. The working section of the experimental setup is a
rectangular channel with a cross section of 25 mm×40 mm and a flow observation area of
about 180 mm (the image is given in Fig. 7). Spray atomization of the film is ensured by a
high-speed flowing air. Spray width 8 mm, slot height 0.1 mm. The control sections of the
computational domain, in which the flow characteristics are analyzed, are located at distances
from the injector xK=30 mm, 60 mm, 100 mm, 150 mm. The analyzed flow characteristics
(hereinafter referred to as “control parameters”) are taken as the fuel evaporation rate Vevap/V0

(the ratio of the difference in volume flows of fuel droplets in the inlet section x0 and control
sections xK to the flow in x0) and the average Sauter droplet diameter SMD.

To solve this problem, the model described in Sec. 2.1 was used. The solution to the
problem in a two-dimensional formulation is presented. The computational domain is shown
in Fig. 8. The geometry of the area and the surfaces on which the boundary conditions were
set are shown in Fig. 9. At the inlet of the carrier phase (1), the normal air mass velocity is set
to 502.2575 kg/m2s, temperature to 750 K, and the volume fraction of the dispersed phase to
zero. At the inlet of the dispersed phase (2), the air velocity (carrier phase) is set to 106 m/s,
the volume of the dispersed phase to 0.1844, as well as the fuel velocity (dispersed phase) to
10 m/s and the droplet size spectrum of the fuel particles. The air and fuel temperatures
at this boundary are considered to be the same and equal to 453 K. At the wall (3), the
logarithmic law for the carrier phase velocity is set, particle collisions of the dispersed phase
with the wall are considered elastic, and a condition of zero temperature gradient for both
phases and no mass flow through the wall is set. At the outlet (4), the pressure is set to
9·105 Pa.

As a result of the simulation, the the control parameters values of the evaporation rate of
kerosene and the average Sauter diameter of kerosene droplets. Fig.10 shows a comparison
between the calculated and experimental data.

The simulation results significantly depend on the size of the fuel droplets at the inlet,
obtaining a correct distribution of control parameters is only possible by specifying a spectrum
of droplet sizes, which allows the model to take into account changes in the acceleration of
droplets by the flow, the rate of their heating and evaporation depending on the diameter;
variations in the initial spectrum (selected based on the results of a cold experiment) make it
possible to refine the result.

3 The Eulerian-Eulerian approach for modeling the spray at-
omization and evaporation with the ANSYS PC

As noted above, the most challenging stage in the process of producing carbon black in
the reactor is the atomization of the raw material into the gas-heat carrier stream and its
subsequent evaporation. Achieving the required degree of fineness of raw material atomization
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Figure 10: Values of the normalized evaporation rate
(circles) and the Sauter mean diameter (squares) of
fuel droplets along the x-axis. Red color – experi-
mental values, green color – calculated values.

Figure 11: Comparison of evapora-
tion degrees in the task [47], obtained
experimentally (black curve) and nu-
merically (blue curve).

and uniform droplet distribution, which would ensure its complete evaporation before pyrolysis
and the necessary carbon structure, is essential. ANSYS PC offers three advanced models
based on the Eulerian-Eulerian approach suitable for describing raw material atomization and
evaporation. These models include the Volume of Fluid (VOF) model, the Mixture model,
and the Eulerian model. To select the most accurate model for our task from these three,
two test cases were solved using them. The first case involved studying the effect of droplet
concentration on the evaporation rate in high-temperature gas, experimentally studied in
[47]. The second case involved raw material atomization and evaporation in the reactor but
was solved using another numerical model [6]. A two-phase model was used to solve these
tasks. One phase-the carrier phase-consisted of a mixture of gas-heat carrier and evaporation
products of the liquid. The second phase-the dispersed phase-consisted of water in the first
task and liquid hydrocarbons in the second task. Comparing the evaporation rates obtained
numerically using the Lee evaporation model in any of the three multiphase models mentioned
and experimentally [47], showed the unsuitability of the Lee model for arbitrary cases. This
is due to the need for time relaxation parameter calibration in the model, which requires
experimental data. The Raoul evaporation model was also investigated. Its drawback is the
ANSYS PC package’s requirement to use this model only in conjunction with the Eulerian or
Mixture models, but not with VOF. Therefore, after thorough testing of the VOF, Mixture,
and Eulerian models with the Lee and Raoul evaporation models on the specified test tasks,
the Eulerian model with the Raoul evaporation model was chosen for further research. The
equations of this model are presented below.

3.1 Mathematical model
3.1.1 Motion equations
The continuity equation for the carrier phase is expressed as:

∂ (αcρc)

∂t
+∇ (αcρcuc) = ṁlc − ṁcl.

Where αc represents the volume fraction of the carrier phase, uc denotes the velocity of the
carrier phase, ρc is the density of the carrier phase, ṁlc is the mass transfer from the liquid
phase to the carrier phase, and ṁcl is the mass transfer from the carrier phase to the liquid
phase.

The volume fraction of the dispersed phase αl is calculated using the formula:

αl = 1− αc.
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In the Eulerian model, each phase has its own momentum conservation equation, but with
the same pressure for both phases

∂ (αcρcuc)

∂t
+∇ (αcρcucuc) =

− αc∇p+∇ (αcτ̂eff,c) + αcρcg +K (uc − ul) + ṁlculc − ṁclucl,
(4)

∂ (αlρlul)

∂t
+∇ (αlρlulul) =

− αl∇p+∇ (αlτ̂eff,l) + αlρlg +K (ul − uc) + ṁclucl − ṁlculc.
(5)

In this context, p denotes the same pressure across all phases, g signifies gravity, and K is
the coefficient for interphase momentum exchange. The effective stress tensor for the carrier
phase is τ̂eff,c, while for the liquid phase, it is τ̂eff,l. The liquid’s density is represented by
ρl, and its velocity by ul. The interfacial velocities, ucl and ulc, are defined as follows: if
ulc > 0, indicating mass transfer from the liquid phase to the carrier phase, then ulc = ul; if
ulc < 0, indicating mass transfer from the carrier phase to the liquid phase, then ulc = uc.

The terms τ̂eff,c, τ̂eff,l are defined as follows:

τ̂eff,c = µeff,c(∇uc +∇uT
c ) +

2

3
(ρck − µeff,c∇uc)Î, µeff,c = µt + µc,

τ̂eff,l = µeff,l(∇ul +∇uT
l ) +

2

3
(ρlk − µeff,l∇ul)Î, µeff,l = µt + µl.

µt – turbulent viscosity, µc – viscosity of the carrier phase, µl – viscosity of the liquid phase,
k – kinetic turbulent energy.

3.1.2 Mass fraction equation of liquid evaporation products
Monitoring of liquid evaporation products is done using the variable Yv, which represents the
mass fraction of these products. This variable adheres to the convection-diffusion equation:

∂ (αcρcYv)

∂t
+∇ · (αcρcucYv) = −∇ · (αcJv) + ṁlc − ṁcl.

Here, Jv refers to the diffusive flow of liquid evaporation products and is expressed as:

Jv = −
(
ρcDv,c +

µt

Sct

)
∇Yv,

where Dv,c is the mass diffusion coefficient of the liquid evaporation products, Sct represents
the turbulent Schmidt number, and µt is the turbulent viscosity. The density of the carrier
phase, ρc, is computed using the densities of the liquid evaporation products ρv and the
heat-carrier gas ρg as follows:

ρc = Yvρv + (1− Yv) ρg.

3.1.3 Energy conservation equations
In the Eulerian model, each phase has its own energy conservation equation

∂(αcρchc)

∂t
+∇(αcρcuc) =

αc
∂p

∂t
+ [αcτ̂eff,c]∇uc −∇(αcκeff,c∇Tc) +Qlc + ṁlchlc − ṁclhcl,

(6)

∂(αlρlhl)

∂t
+∇(αlρlul) =

αl
∂p

∂t
+ [αlτ̂eff,l]∇ul −∇(αlκeff,l∇Tl) +Qcl + ṁclhcl − ṁlchlc.

(7)
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Here, hc is the sensible enthalpy of the carrier phase, κeff,c is the effective thermal conductivity
of the carrier phase, Tc is the temperature of the carrier phase, hl is the sensible enthalpy of
the dispersed phase, κeff,l is the effective thermal conductivity of the dispersed phase, Tl is
the temperature of the dispersed phase, Qlc = −Qcl represents the heat transfer between the
phases, and hcl and hlc are the interfacial enthalpies.

The terms hc, hcl, κeff,c, κeff,l are defined as follows:

hc = cp,c(Tc − Tref ), hl = cp,l(Tl − Tref ), κeff,c = κc +
cp,cµt

Prt
, κeff,l = κl +

cp,lµt

Prt
.

Here, κc, κl are the thermal conductivities of the carrier and liquid phases, Tref is the reference
temperature, cp,c, cp,l are the heat capacities of the carrier and liquid phases, Prt is the
turbulent Prandtl number.

3.1.4 The interphase momentum exchange coefficient
The equations (4) and (5) includes the interphase momentum exchange coefficient. The
formula for this coefficient is derived from the assumption that “the dispersed phase consists
of droplets” and has the following general form K = ρlfdlA/(6τl). Here A is the interfacial
surface, dl is the droplets diameter of the dispersed phase, f is the resistance function, τl is
the particles relaxation time, which is determined as follows τl = ρld

2
l /(18µc). The resistance

function is determined with the Schiller and Naumann formula [48] f = CdRe/24, where
CD = 24(1+0.15Re0.687)/Re if Re ≤ 1000, and CD = 0.44 if Re > 100. Re is relative Reynolds
number: Re = ρc|uc − ul|dl/µc. The interfacial surface is defined as follows: A = 6/dl.

3.1.5 Heat transfer coefficient
The Eqs. (6) and (7) includes the heat transfer coefficient. This coefficient is assumed to be a
function of the temperature difference and the interfacial surface. Qlc = κcNulA(Tl − Tc)/dl.
Here Nul is the Nusselt number of the liquid phase, modeled using the Rantz-Marshall model
[49,50] Nul = 2+0.6Re0.5Pr1/3. Here Pr is the Prandtl number of the carrier phase, determined
as follows: Pr = cp,cµc/κc.

3.1.6 Mass transfer
ANSYS PC, it is provided several ways to model the evaporation process. The most common
and simple is the Lee evaporation model [51]. One of the requirements of this model is to set
the parameters of time relaxation. These parameters are found by calibrating experimental
data. In another evaporation model, mass transfer occurs across the phase boundary with a
volumetric velocity that depends on the gradient of the mass concentration of the transferred
particles in different phases. ṁlc = klcA(Kρ

vlρl − ρv). Here, klv represents the volumetric
mass transfer coefficient between the dispersed phase and its vapors, while kρvl denotes the
equilibrium ratio. Parameters klv and kρvl are calculated using the law of two resistances, first
proposed by Whitman [52] 1/klv = 1/kv +Kρ

vl/kl.
Here, kl represents the liquid mass transfer coefficient, while kv denotes the mass transfer

coefficient of the liquid evaporation products. Equilibrium relationship (kρvl) according to
Raoult’s formula Kρ

vl = P/P v
sat. Here P v

sat is the saturation temperature of liquid evaporation
products.

3.2 The effect of droplet concentration on evaporation rates in high-tem-
perature gas environments

In [47], the effect of water droplet concentration on their degree of evaporation was experi-
mentally studied when injecting a mixture of water droplets and air into a cylinder filled with
gas at a temperature of T = 1070K. The cylinder has a diameter of 0.15 m and a length of 1
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m. The initial temperature of the water droplets before mixing into the cylinder is T = 300K.
The initial size of the water droplets impacts their evaporation degree, and [47] determines
the relationship between the concentration of water droplets in the mixture and their evapo-
ration degree. The evaporation degree ∆R in [47] is calculated using the following formula:
∆R = (Rd −R∗

d) /Rd · 100%. At the cylinder’s inlet section, the average droplet size is kept
constant at Rd, the volume ratio of water to air in the sprayed mixture is taken as γin = 10−3,
the water droplet velocity is set to |ud| = 3 m/s, and the air velocity is |ua| = 1.5 m/s. The
droplet size at the cylinder’s outlet section is denoted as R∗

d.
In the calculations, the evaporation degree ∆F is found by the formula ∆F = (Fin −

Fout)/Fin · 100%, where Fin is the mass flow rate of water at the cylinder’s inlet section and
Fout is the mass flow rate of water at the cylinder’s outlet section. In the calculations, the
droplet size of the liquid phase at the inlet section is dl.

At the inlet section, the liquid phase velocity is set to |ul| = 3 m/s and its temperature
Tl = 300K. For the carrier phase, the velocity is |uc| = 1.5 m/s, temperature Tc = 1070K,
and mass fraction of evaporation products Yv = 0. The volume fraction of the liquid αl is
calculated from γin as follows:

αl =
Vw

Vw + Va
=

Vw

Vg

(
Vw
Vg

+ 1
) =

Vw/Vg

1 + Vw/Vg
=

γin

1 + γin
.

Here, Vw and Vg are the volumes of water and gas. The volume fraction of the carrier
phase αc = 1 − αl. On the solid wall, the no-slip condition is used. At the outlet, the
pressure is fixed at 1 atm. The physical properties of water and air are set by default in
the ANSYS PC database. The evaporation degrees ∆F were calculated for five values of dl
(0.07 mm, 0.1 mm, 0.145 mm, 0.19 mm, and 0.245 mm). In Fig. 11, the dependence (dl,∆F )
is shown with blue lines and rectangles, where the rectangles represent the results of numerical
modeling with given dl values. The dependence (Rd,∆R) is shown in black. The dependence
(dl,∆F ) corresponds to the expected behavior: the smaller the droplet size, the higher the
evaporation degree. The maximum difference in evaporation degree between the numerically
obtained curve (dl,∆F ) and experimentally found (Rd,∆R) is less than 10%, confirming the
good resolution capability of the used model in solving mass transfer problems.

3.3 Atomization and evaporation of raw materials in a reactor for furnace
carbon black production

Liquid hydrocarbon is injected at a velocity of 27 m/s and a temperature of 30Г
’
◦C from

six injectors, which are uniformly distributed around the circumference of the reactor’s cross-
section. This is done into a heat-carrier gas flow (natural air combustion products) supplied
at a velocity of 422 m/s and a temperature of 1860Г

’
◦C (Fig. 3). Liquid raw materials break

up into droplets and evaporate over time. After which the pyrolysis process begins to produce
carbon black. In [5] another model was used to solve this problem, and the evaporation degree
was calculated for droplets with a diameter of 1.4 mm. To reduce the computation time, this
problem was solved in a section (one-sixth of the circumferential direction of the original
computational domain) in which there is only one injector (Fig. 4).

Our model was used to solve this problem as well, and a comparison was conducted. The
evaporation degree is calculated the same way as in the previous problem for dl=1.4 mm. The
boundary conditions for the described model are given as following: at the heat-carrier gas
inlet: |uc|= 422 m/s, Tc=1860◦C, αc=1, Yv=0, |ul|=0 m/s, Tl=30◦C, αl=0; on the injector:
|uc|=0 m/s, Tc=1860◦C, αc=0, Yv=0, |ul|=27 m/s (perpendicular to the boundary), Tl=30◦C,
αl=1; on the side boundariesm the symmetrical conditions are used; non-slip conditions for
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Figure 12: Mass fraction of evaporation products of
liquid raw materials in the longitudinal section.

Figure 13: Mass fraction of evapora-
tion products of liquid raw materials
in cross sections.

the solid wall; at the outlet, the pressure is fixed at 1 atm. The physical properties of the
materials specified as in [5].

Based on the results obtained from the presented model, the mass fraction of evaporation
products of liquid raw materials Yv can be seen in various sections (Fig. 12 and Fig. 13).
The flow rate of liquid raw materials at the injector is 0.166 kg/s, while the flow rate of the
carrier phase at its inlet is 0.617 kg/s. At the reactor outlet, the flow rate of liquid raw
materials is 0.063 kg/s, and the flow rate of the carrier phase is 0.720 kg/s. Comparing the
flow rates of the liquid raw materials at the injector and the outlet, we observe a decrease
of 0.063 − 0.166 = −0.103 kg/s. Comparing the flow rates of the carrier phase at it’s inlet
and outlet, we observe an increase of 0.720 − 0.617 = +0.103 kg/s. This indicates that
evaporation is indeed taking place. The decrease in the flow rate of liquid raw materials is
equal in magnitude to the increase in the flow rate of the carrier phase, demonstrating that
the conservation of mass for the raw material in both liquid and gaseous forms is maintained.
The evaporation degree is described as a percentage of reduction in the flow rate of liquid raw
materials (0.063−0.166)/0.166 ≈ 62%, this degree is very close to that obtained in [5] (64%).
Overall the results are considered very good: comparison difference is 2%.

3.4 Results discussion
In the problem of the influence of droplet concentration on the evaporation degree in a high-
temperature gas, a relationship was established between the droplet size dl: 0.07 mm, 0.1 mm,
0.145 mm, 0.19 mm and 0.245 mm and evaporation degree ∆F . The dependence (dl,∆F )
shows the expected behavior: the smaller the droplet size, the greater the degree of evapora-
tion. Comparing the dependence (dl, ∆F ) with (Rd,∆R) – the corresponding dependence of
the experimental data, shows a fairly good match, with a maximum difference of up to 10%.
Overall the results are considered quite good.

In addressing the atomization and evaporation of raw materials in a furnace reactor for
carbon black production, it was observed that the decrease in the flow rate of liquid raw
materials matches the increase in the flow rate of the carrier phase. This indicates that the
conservation of mass for the raw materials in both liquid and gaseous forms is maintained. A
comparison of the degrees of evaporation of the presented model and the model [5] shows a
very good agreement (the difference is 2%).

4 Carbon black formation model
4.1 Moss-Brookes model of the nucleation and growth of carbon particles
We will take the Moss-Brookes model presented in [53] as the basis for the model of carbon
black formation in the reactor. It consists of two equations that describe the behavior of the
density of the carbon black particles number N [m−3] and the mass density of carbon black
M [kg/m3], with time
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dN

dt
= α− βM1/6N11/6, (8)

dM

dt
= α1 + (γ − δ)M2/3N1/3. (9)

At the initial time, both quantities are absent in the evaporation products of liquid hydrocar-
bons: N(0) = 0, M(0) = 0.

Model coefficients are calculated using the formulas:

α = c1NA

(
ρ
YC2H2

WC2H2

)
exp

{
−21100

T

}
, (10)

α1 = α
Mp

NA
, (11)

β =

(
24R

ρsootNA

)1/2( 6

πρsoot

)1/6
T 1/2, (12)

γ = c4

(
ρ
YC2H2

WC2H2

)
π1/3

(
6

ρsoot

)2/3
exp

{
−12100

T

}
, (13)

δ = c5ηρ
YOH

WOH
π

(
6

ρsoot

)2/3
T 1/2−c6ρ

YO2

WO2

π1/3

(
6

ρsoot

)2/3
T 1/2 exp

{
−19778

T

}
. (14)

The model coefficients depend on the following five parameters of the gas in which soot
nucleates: ρ – density of the gas mixture in which soot is formed, YC2H2 – mass fraction of
acetylene, YOH – mass fraction of OH radical, YO2 – mass fraction of oxygen, T – temperature
of the gas mixture.

The remaining model constants are given in Tab. 2.

Table 2: Model constants of the problem, their dimensions and values.
Constant Name unit Value

c1 54

c4 kg·m· kmol−1· s−1 9000.6

c5 kg·m· kmol−1·K
−1
2 · s−1 105.81

c6 kg·m· kmol−1·K
−1
2 · s−1 8903.51

η Collision efficiency parameter 0.13

R Gas constant J·mol−1·K−1 8.31

Mp Molar mass of soot particle kg· kmol−1 1200

NA Avogadro’s constant kmol−1 6.02× 1026

WC2H2 Molar mass of acetylene kg· kmol−1 26

WOH Molar mass of radical OH kg· kmol−1 17

WO2 Molar mass of radical O2 kg· kmol−1 32

ρsoot Soot density O2 kg·m−13 2000

In [53], it was presented the distributions of parameters YC2H2 , YOH , YO2 , T , calculated
within a certain model of the aromatic hydrocarbons formation in the reaction mixture. These
distributions make it possible to estimate the value limits, within which these parameters vary.
The values of the limits of the ranges of parameter changes are given in Tab. 4.2. There are no
density distributions for the gas mixture in [53]. However, in [54] (the problem statement for
[53]), the mass flow rate, velocity and area of the injector from which the gas flows are given.
According to these data, the density value at the entrance to the computational domain is
about 0.84 kg/m3. Assuming compression of the mixture by 10 times in one direction or
another, we obtain an estimate for the density range (see Tab. 3).
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Table 3: Ranges limits for changing gas parameters.
Parameter Range of change
ρ,kg·m−3 0.085 - 8.4
YC2H2 4.0× 10−3 − 2.1× 10−2

YOH 5.8× 10−4 − 1.2× 10−3

YO2 3.9× 10−2 − 1.2× 10−1

Y ,T 500− 1600

4.2 The theoretical basis of the Moss-Brooks model
Brooks and Moss [55] use soot particle number N and mass density M to describe the uniform
and instantaneous uncontrolled formation and development of carbon during combustion of
acetylene. We assume that the behavior of technical carbon during its furnace production is
similar.

4.2.1 Moss-Brooks model
The equations structure of Moss-Brooks model can be presented as following:

dN

dt
= A−B, (15)

dM

dt
= C +D − E, (16)

where the source terms in right sides of the equations are substituted by there formulas. For
the soot nucleation [53] answers:

A = c1NA

(
ρ
YC2H2

WC2H2

)
exp

{
−21100

T

}
, B =

(
24R

ρsootNA

)1/2( 6

πρsoot

)1/6
T 1/2M1/6N11/6.

For the soot coagulation [56]:

C = c1NA

(
ρ
YC2H2

WC2H2

)
exp

{
−21100

T

}
Mp

NA
.

For the soot growth [57-59]:

D = c4

(
ρ
YC2H2

WC2H2

)
(πN)1/3

(
6M

ρsoot

)2/3
exp

{
−12100

T

}
.

For the soot oxidation [60-62]:

E = −ρ(πN)1/3
(

6M

ρsoot

)2/3
T

1
2

(
c5η

YOH

WOH
+ c6

YO2

WO2

exp

{
−19778

T

})
.

Eqs. (15) and (16) are a compact form of Eqs. (8) and (9).

4.2.2 The relationship between carbon kinetics and the dynamics of the carrier
phase flow field

The process of carbon formation is highly dependent on temperature and carrier phase dy-
namics. Therefore, it is advisable to connect two concipts together. The continuty equation
of carrier phase: ∂

∂t
ρc +∇(ρcuc) = RP,m,

The momentume balance equation:
∂

∂t
(ρcuc) +∇(ρcucuc) = −∇p+∇τeff + ρcg +RP,mom.
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The energy balance equation:
∂

∂t
(ρcE) +∇ (uc(ρcE + p)) = ∇ (aeff∇hsen) +Rh +RP,h +Rrad.

The equation of component m:
∂

∂t
(ρcYm) +∇(ρcucYm) = ∇ (ρcDeff∇Ym) +RP,Ym +RYm .

The equation of carbon formation:
∂

∂t
(ρcYsoot) +∇(ρcucYsoot) = ∇ (Deff∇Ysoot) +

dM

dt
.

∂

∂t
(ρcN) +∇(ρcucN) = ∇ (Deff∇N) +

dN

dt
.

In here, Ym – the mass fraction of carrier phase component m, Ysoot – the mass fraction of
carbon, Rh – reaction enthalpy, RP,m – mass source term from particle, RP,h – enthalpy source
term from particle, Rrad – energy source term of radiation, RP,Ym – species source term from
particle, RYm – species source term from reactions, RP,mom – momentum source term.

4.3 Numerical method
System of equations (8)-(9) is written in vector form

dX

dt
= F (t,X) , X =

(
N
M

)
, F =

(
α− βM1/6N11/6

α1 + (γ − δ)M2/3N1/3

)
. (17)

and is solved numerically by the 2nd order Runge-Kutta method [68]

Xn+1 = Xn + τF
(
tn +

τ

2
,Xn +

τ

2
F (tn,Xn)

)
, (18)

where τ is the time step, n is the number of the partition point of the time interval [0, Tt].

4.4 The numerical solution of the Moss-Brookes model for the nucleation
and growth of carbon particles and its analysis

In order to identify the peculiarities of the behavior of the Moss-Brookes model solution over
a sufficiently large time interval from the point of view of the solution reaching a stationary
regime, the time dependences of N and M were numerically obtained by varying the gas
parameters in which soot nucleated (Figs. 14-17).

Based on the obtained solution patterns, the following conclusions can be drawn. The
carbon concentration N behaves generally linearly, which is due to the significant influence
of the formation component α. In this case, the following can be highlighted: at a high tem-
perature of the mixture of fuel combustion products, the solution relatively quickly becomes
constant in time. This is because of inhibition, due to the factors of coagulation, growth
and oxidation, which probably occur more actively at high temperatures of the gas mixture.
This effect can also be seen in the graphs in which the transition to a stationary state was
not observed. When viewed on logarithmic axes, one can notice a decrease in growth tempo,
which is probably due to the same factors. As for mass density, the solution patterns, as one
would expect, are different when varying the parameters of the problem, but it is easy to see
that the solution has a common structure: a sharp jump at the beginning, balanced by the
growth and oxidation coefficients, which subsequently ensure a decrease in mass density. In
some of the obtained solutions, in which the decrease occurred at a fairly sharp rate, a subtle
jump in the growth of mass density was observed at the moment when the latter reaches
such a low value that the partition and the condition M > 0 allows. When considering the
mathematical model, it possible to see that at M << 1 the influence of the coagulation,
growth and oxidation coefficients is reduced, thereby we are actually observing linear growth,
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which, after some time, will be smoothed out due to the above coefficients. It is logical to
assume that some cyclicity will be observed. It is difficult to determine the nature of this
phenomenon, however, if we take into account that the model was compiled with significant
simplifications both at the stage of the physical modeling (for example, we did not take into
account the reactions occurring between the supplied raw materials and hydrocarbons in the
combustion products) and at the stage of the mathematical modeling, it can be assumed that
such behavior is a feature of the mathematical model.

4.5 One of the possible approaches to generalizing the Moss-Brookes model
of carbon formation in an acetylene combustion flame to the case of
carbon black formation in a reactor in a mixture of raw materials and
its evaporation products

The Moss-Brookes model under consideration describes the process of soot formation in the
flame of combustion products. Taking into account the accepted simplification of direct
pyrolysis of carbon from acetylene C2H2 → 2C+H2, the following parameters are highlighted
in the physical model: ρ – the density of the gas mixture of fuel combustion products, YC2H2 ,
YOH , YO2 – mass fractions of acetylene, hydroxyl radicals and oxygen in the gas mixture
formed in the combustion flame, T – temperature of the flame.

This model can be promisingly generalized to the case of carbon black formation during
the furnace process. However, there are obvious differences, since the formation occurs as a
result of the interaction of active raw materials; in a simplified way, we are considering the

Figure 14: Dependencies of the number of
soot particles N on time t in the interval [0, 2]
for different values of the model coefficient α:
1a) 8.83×1016; 2a) 1.76×1017; 3a) 4.41×1017;
and δ: 1b) 8.24× 10−4; 2b) 4.12× 10−3; 3b)
1.64× 10−4.

Figure 15: Dependencies of the mass of soot
particles M on time t in the interval [0, 2] for
different values of the model coefficient α: 1a)
8.83× 1016; 2a) 1.76× 1017; 3a) 4.41× 1017;
and δ: 1b) 8.24× 10−4; 2b) 4.12× 10−3; 3b)
1.64× 10−4.

Figure 16: Dependencies of soot particles
number N on time t in the interval [0, 2] for
different values of temperature T : 1) 500 K;
2) 1050 K; 3) 1600 K.

Figure 17: Dependencies of soot particles
mass M on time t in the interval [0, 2] for
different values of temperature T : 1) 500 K;
2) 1050 K; 3) 1600 K.
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Figure 18: Approximate model of a reactor for the furnace process of carbon black production

Figure 19: Dependence of soot particles num-
ber N on time t over an interval (0, 4.25) in
logarithmic scale during the furnace process
of carbon black production.

Figure 20: Dependence of soot particles mass
M on time t over an interval (0, 4.25) in log-
arithmic scale during the furnace process of
carbon black production.

same acetylene, and fuel combustion products. Under this condition, the following can be
said about the modifications of the physical model parameters.

Starting with density, it’s obviously undergoes a significant changes, mainly associated
with a much larger area of distribution for the gas mixture and the reactor design (furnace),
which separately supplies raw materials and fuel combustion products, unlike in a combustion
flame, the density, due to the small volume distribution, can be estimated by some constant
throughout the entire volume. The medium formed in the reactor is extremely heterogeneous;
the content cannot be assessed only by the parameters of the injector. Several options can be
considered, for generalizing the soot formation model to the case that interest us. Firstly, the
density can still be averaged over the entire reactor, and obviously, if the reagents are supplied
constantly, then it is not fixed in time. However, knowing the intensity of raw material supply
and fuel combustion, the corresponding calculations are not difficult to carry out. Secondly,
the region can be divided into small subregions in which the parameter can be considered
constant. The advantage is, the greater plausibility with reality, due to fewer simplifications.
The downside is that calculations are carried out separately for each subarea, which means it
takes longer time; the result obtained can only be verified based on the final output, since in
practice, calculating the output in each subarea is practically impossible.

Similar reasoning can be applied to other parameters. It is worth noting some difficulties
when calculating mass fractions. In the first case, the problem, after averaging the results
over the entire volume, differs little from the original problem (the combustion in flame), in
the second, we obviously will not be able to follow the distribution of all the particles under
consideration, only the distribution of some of their clumps in a simplified manner. We will
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get some numerical results in both cases, although some difficulties may arise. For example,
when modeling the gases flow and heat exchange between them in a certain subregion, they
are classified as constant in terms of parameters at an instant of time, some particles may be
missing due to the simplified modeling for their movement, which is obviously not true due
to their number and chaotic distribution.

To summarize, we can say that the generalization of the model to the case of interest to
us, can be made by transitioning to a dynamic formulation that considers the change in the
parameters of the gas mixture over time; the main difficulty will be the correct connection of
both stages of modeling the carbon black formation in the furnace production method. We
will apply the methodology described above, to simulate the process of formation of carbon
black in furnace production. A simplified model of the reactor is shown in Fig. 18.

We will set the length of the last section of the reactor l4, assume an insignificant content
of hydroxyl radicals in the combustion flame of natural gas, use acetylene as a raw material,
take the heat-carrier gas supply flow rate equal to 93697 m3/h, and the raw materials flow rate
0.6 m3/h. For example, we will assume the following reactor dimensions: l1=3 m, l2=1.2 m,
l3=2.2 m, l4=8 m, D1=1.2 m, D2=1.8 m, D3=2.4 m. The change in parameters responsible
for mass fractions and density over time can be relatively easily calculated by neglecting
the change in gas densities, and taking them relatively constant over time due to the high
temperatures in the reactor. The change in temperature is quite difficult to track, so we will
assume that it changes exponentially over time, and slows down a little every second. Thus,
we obtain the following change in the values of concentration (Fig. 19) and mass density
(Fig. 20), described in a logarithmic scales in the time interval from 0 to 4.25. when solving
the Cauchy problem numerically with zero initial data, we carry out calculations with double
precision.

4.6 Optimization formulation for solving the inverse coefficient problem,
using data from experimental studies of carbon black formation in the
reactor

The model of carbon particle nucleation and growth is based on two ordinary differential
equations describing the instantaneous formation of the number of particles N and their
mass M (17). The model coefficients for each source term, corresponding to the mechanisms
of carbon nucleation, coagulation, surface growth, and oxidation, will be determined using
an optimization method for solving the inverse coefficient problem. The objective functions
will be deviations of the specified two carbon quantities obtained from in-situ studies at
characteristic values of the parameters of the raw material mixture, its evaporation products,
and the gas-heat carrier in the reactor. The formulation of the inverse problem is then
presented, and a genetic algorithm [63] is used to solve it by the optimization method. The
direct problem of modeling the technical carbon formation process, consisting of the system
of equations (17) and its numerical solution method (18), is schematically represented as
follows: V (t) = Z(X0,Y ), where V (t) includes the vector of solutions to the equations (17)
- X(t) and other parameters characterizing the process; Z is the mathematical model of the
process and its implementation method. The input parameters of the direct problem include
the model coefficients Y = (y1, . . . , yM ), the vector X0, and the time t. We will denote all
these input parameters as x = (x1, . . . , xN ). Thus, the direct problem can be formulated as
follows: V (x) = Z(x). We will denote the required values of the vector V as V ∗ and set
F (x) = V ∗ − Z(x) = (F1(x), . . . , FL(x)), as the problem of achieving the required process
characteristics x = Z−1(V ∗), it’s solved by the optimization method for the inverse problem
minx (|F1(x)|, . . . , |FL(x)|). Thus, we arrive at a multi-objective optimization problem. It is
necessary to find the parameter values x = (x1, . . . , xN ) consisting of Y = (y1, . . . , yM ), X0,
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and the time t that ensure the minimum values of the L functionals:

min
x

(|F1(x)|, . . . , |FL(x)|) , x = (x1, . . . , xN ) ∈ X ⊂ EN , (19)

with phase constraints:
X0 = {x : xL,i ≤ xi ≤ xR,i}, (20)

and target constraints:
φj(x) ≤ 0, j = 1 = 1, . . . ,m.

To solve the problem (18)-(20), the Breeder Genetic Algorithm (BGA) is used, which is a
stochastic multi-objective optimization algorithm [69-71]. In [63], it was shown that BGA is
capable of quickly and reliably finding global optima of various functional dependencies. In
[63], BGA was applied to solve a three-dimensional inverse problem of modeling water flows
in various types of hydro turbines: Francis, Kaplan, and Pelton. The sought input parameters
for the direct problem included the operating parameters of the hydro turbine, parameters
defining its geometry, as well as the fluid parameters - the working body of the hydro turbine.
The target functions were set as the extremes of efficiency coefficients, allowable loads on the
structure, and weight values of the structure. The obtained results convincingly demonstrate
the ability of BGA to find global optima.

The essence of BGA lies in forming an initial population of individuals – x = (x1, ..., xN ).
For each individual, the direct problem is solved V k = Z(xk). It is checked how well the
found solution V k meets the necessary conditions. If the conditions are not met, the next
generation of individuals is created. The new generation is created based on the BGA com-
mand functions. After that, the calculations of the direct problem are repeated for the new
generation until a generation of individuals giving the optimal solution of the problem in the
form of a Pareto front is found. BGA command functions include: forming an initial popu-
lation consisting of individuals x = (x1, ..., xN ); calculating the values of target functionals
|F1(x)|, ..., |FL(x)| for each individual in the population; calculating the significance of each
individual in the population; calculating a quality criterion based on significance for each
individual; calculating the distances between individuals; calculating proximity numbers for
each individual; calculating the quality function; selecting the best individuals for crossover;
forming a new population through crossover; slightly modifying each individual in the muta-
tion process; copying without modification all individuals meeting the constraints and rank
1 from the previous generation into the new generation. After copying, the size of the new
generation will be p+ e, where e is the number of copied individuals. The above commands
are then repeated until the specified number of generations is calculated.

4.7 Test optimization problems
It is known [64], that the smaller the average diameter of carbon black particles, the greater
the reinforcing property it has. In this case, the specific surface and the dispersion degree
increases as well. In the model of the nucleation and growth of carbon particles, it is assumed
that these particles have the shape of a sphere [53]. The volume of the ball is equal to πd3/6,
where d is the diameter of the ball. From here M = ρsootNπd3/6 where M is the mass
fraction of soot, N is the concentration of particles, d = 3

√
6πM/(ρsootN). The function

y = 3
√
x increases monotonically, so we can take F1 = M/N as the first objective function and

look for the input parameters of the carbon formation process model at which the average
particle diameter will be minimal. And, therefore, the degree of dispersion will be maximum.
We will take F2 = N as the second functional and will seek for obtaining as many carbon
black particles as possible. We will pose three optimization problems.
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Figure 21: Dependence of F1 = M/N in the interval 0 ≤ t ≤ 2 (left); fragment of F1 in the
interval 0 ≤ t ≤ 0.0004 (center); dependence of F2 = N in the interval 0 ≤ t ≤ 2 (right).

4.7.1 Problem 1
For given coefficients (α, β, γ, δ) of the model, determine the time point at which minF1,maxF2

are obtained. Model coefficients (α, β, γ, δ) are specified according to formulas (10)-(14) with
average values of gas parameters calculated according to the ranges of their changes (Tab. 4.2).
The time limit is set: 0 < t < T . Average values of gas parameters were taken as following:
ρ=0.84, YC2H2=0.018, YOH=1.2·10−3, YO2=0.039, T=1100. And with them, the coefficient of
these models were calculated: α = 8.834·1016, β = 1.339·10−13, γ = 2.663·10−6, δ = 8.242·10−4.
The graph of function F1 = M/N on the interval 0 ≤ t ≤ 2, is shown in Fig. 21. There, we
show a fragment of F1 graph on the interval 0 ≤ t ≤ 0.0005. Further more, we present the
graph of function F2 = N at the time interval 0 ≤ t ≤ 2. Genetic algorithm is applied
for solving the optimization problem 1 (min F1 and max F2) with the presented objective
function for an obvious solution, Pareto front which is shown in Fig. 22.

4.7.2 Problem 2
For the moment in time, found by solving optimization problem 1, find the model coefficients
at which minF1,maxF2 are obtained Limitations on the model coefficients (α, β, γ, δ) are
determined using formulas (10)-(14) according to the ranges of changes in gas parameters
(Tab. 4.1). The limitations on each coefficient is as following: 2.002 ·105 < α < 4.134 ·1020,
9.032·10−14 < β < 1.616·10−13, 1.108·10−13 < γ < 9.666·10−4, 2.717·10−5 < δ < 1.140·10−2.
The solution of problem 2 is presented on Figs. 22-26.

4.7.3 Problem 3
For the given model coefficients (α, β, γ, δ) of problem 1, find the time point in interval
0 ≤ t ≤ 2, at which min F1 and min F2 are obtained. The solution of problem 3 is presented
on Fig. 27.

4.8 Results
After the overview of existing approaches to modeling the nucleation and growth of soot
particles presented in the Introduction, the Moss-Brookes model of uncontrolled nucleation
and growth of soot particles during acetylene combustion was chosen as the basis for the
model of carbon black formation in the reactor. This model, on the one hand, stands out
for its simplicity, and on the other hand, it has a theoretical basis unlike empirical models,
which will allow further modifications to the model for a more accurate description of the
technical carbon formation process. The model was analyzed. This semi-empirical model
sufficiently describes the soot formation process but does not delve into the chemistry of the
occurring processes, as the Frenklach M., Wang H. model does [31, 40]. The data obtained
from the Moss-Brookes model most closely correspond to experimental data compared to the
models of Tesner P.A. [23,37] and Khan I.M. [25]. It is important to note that reactions
occurring in the combustion products of liquid hydrocarbons proceed much more slowly than
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Figure 22: Pareto front for
the functionals F1=M/N and
F2 = N for problem 1 (min
F1 and max F2) – one point,
F1 = M/N = 4.878 · 10−32,
F2=N =1.605·1017, The val-
ues are reached at t=2.

Figure 23: Pareto front for
the functionals F1=M/N and
F2=N for problem 2 (min F1

and max F2) at t = 2 for the
specified variations of model
coefficients.

Figure 24: Pareto fronts for
Problem 1: for t = 1 and
t=0.1, finding the gas param-
eters that ensure minF1 and
maxF2. Line – t=2; circles –
t=1; dashed – t = 0.1.

Figure 25: Pareto Fronts for
Problem 2: for t= 0.01, find-
ing the gas parameters that
ensure minF1 and maxF2.
Line – t = 2; circles – t = 1;
dashed - t=0.1; dot-dashed –
t=0.01.

Figure 26: Pareto Fronts for
Problem 3: for t = 2, find
the remaining gas parame-
ters that ensure minF1 and
maxF2 with a fixed ρgas.
Solid line ρgas=0.84; dashed
line ρgas=0.085.

Figure 27: Pareto front for the functionals F1=M/N and F2=N for problem 3 (min F1 and
min F2): the whole Pareto front (left); in the vicinity of zero (rigth).
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reactions during acetylene combustion, so their modeling is separated. The Moss-Brookes
model considers and finds two characteristic soot quantities: concentration and mass density,
calculated inside the reaction chamber. As mentioned above, the model considers nucleation,
coagulation, oxidation, and surface growth processes. The first two affect the concentration
transfer process, while mass density is influenced by formation, oxidation, and surface growth
processes. For reasonable simplification, acetylene is considered the main source of elementary
carbon particles involved in formation and surface growth processes.

5 Conclusion
A classification of types of soot is presented, and indicated what place carbon black occupies
in it, highlighting its characteristic parameters. The conditions for its furnace production in
reactors and the requirements that must be observed and taken into account when modeling
the production process are given. To solve the problem of determining the parameters of
the raw material and injector that would ensure atomization of the raw material with the
required surface diameter of the droplets, two numerical models were built that describe in
a three-dimensional formulation the atomization and evaporation of liquid hydrocarbon raw
materials in the flow of heat-carrier gas. The models are made in the approximation of the
Eulerian-Eulerian approach, implemented on the FlowVision PC and ANSYS PC. In both
options, the movement of the carrier phase (heat-carrier gas and raw material evaporation
products) is described by a system of Navier-Stokes equations, taking into account turbulence,
mass and heat transfer. To describe the dynamics of the dispersed phase, FlowVision PC uses
convection-diffusion equations for particle concentration, momentum and phase energy. In
ANSYS PC, the movement of the dispersed phase, as well as the carrier, is described by the
Navier-Stokes equations. The disadvantage of the model on the FlowVision PC is the need
to determine the concentration of particles at the entrance to the computational domain of
the dispersed phase from the injector. Its advantage is that it is more economical than the
model on the ANSYS PC.

A review of existing approaches to modeling the nucleation and growth of soot particles is
presented. The model for the formation of carbon black in the reactor is based on the Moss-
Brookes model of uncontrolled nucleation and growth of soot particles during the combustion
of acetylene. Two approaches to generalizing this model to the case of carbon black formation
in a reactor are discussed: based on the stoichiometric laws of material and heat balance; and
on the solution optimization of the inverse coefficient problem, using data from experimental
studies of the formation of carbon black in a reactor. Optimization problems have been
formulated and solved to ensure that an optimal solution is found for obtaining carbon with
the largest specific surface area, and, consequently, with the maximum degree of dispersion.
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