EURASIAN JOURNAL OF MATHEMATICAL
AND COMPUTER APPLICATIONS

ISSN 23066172

Volume 12, Issue 1 (2024) 94 — 109

NEW STABILITY NUMBER OF THE TIMOSHENKO
SYSTEM WITH ONLY MICROTEMPERATURE
EFFECTS AND WITHOUT THERMAL CONDUCTIVITY

Meradji S., Boudeliou M., Djebabla A.

Abstract In this work, we study the asymptotic behavior of a thermoelastic Timoshenko
system with dissipation due only to microtemperature effects and no thermal diffusivity.
Under an appropriate new assumption about the coefficients of the system and by using the
energy method, we prove that the unique dissipation due to microtemperatures is strong
enough to stabilize the system exponentially.

Key words: Exponential decay; Timoshenko system; microtemperature dissipation; energy
method; exponential stability.

AMS Mathematics Subject Classification: 35B37, 35L55, 74D05, 93D15.
DOI: 10.32523/2306-6172-2024-12-1-94-109

1 Introduction

In recent decades, research on Timoshenko type systems has been studied by fairly a
large number of researchers, and an increasing interest has been developed to determine
the asymptotic behavior by using several different dampings (frictional, structural,
viscoelastic) linear, nonlinear, with and without coupling with a heat equation have
been treated see ([1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13] and [14]).
Recently, an essential problem was addressed about the minimal dissipation required
to get exponential decay. In this regard, the propagation velocities of waves (also
known as the stability number) are crucial in proving the stability results. In 1920,
Timoshenko [15] developed a model with two basic evolution equations given by

pApy — Sy =0, plpy — M, + S = 0. (1)

When the transverse shear strain is significant, this term is commonly used to describe
the vibration of a beam, where x is the distance along the center line of the beam
structure, t is the time, p is the density, A is the cross-sectional area, I is a cross
section’s moment of inertia, M is the bending moment, S is the shear force. The
variables ¢ and 1) are the transversal displacement of the beam and the rotational
angle of the beam, respectively. The constitutive equations are:

S = kAG(py + 1), M = EIy,. 2)

Here k is a constant which depends upon the shape of the cross section, E is the
Young’s modulus of elasticity, and G is the modulus of rigidity. Now, for simplicity,
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we note p; =pA, ps = pl, k = kKAG, b = EI, and then substituting (2) into (1), we
obtain the following system

prow =k (0x + ), =0, (3)
patbee — bibae + K (2 +10) = 0.

For the Timoshenko system with effective thermoelastic dissipation on shear force, we
have, in addition to (1)

p3t + qu +y (909: + w)t =0, (4)

where ¢ represents the heat flow and @ is the temperature difference. The constitutive
equations in this case are as follows

where the coupling terms ~ and [ are assumed to be positive. The combination of
(1),(4), and (5) yields

prow — k (0p + 1), + 0, =0,
p2¢tt - waw +k (Soz + 1/1) + ’7‘9 = O, (6)
p39t - 583730 + 7y (SOQ: + d})t = 0.

One of the first studies concerning system (6) was by Rivera and Racke [16]. They
proved that the system is exponentially stable if and only if the wave speeds are equal.
Otherwise, the system is stable in a polynomial manner.

On the other hand, and unlike Timoshenko’s system, the study of the asymptotic
behavior of porous elastic systems with microtemperature effects has attracted the
attention of many researchers, and several results have been established. For example,
Casas and Quintanilla in [17], considered a one-dimensional system of micromorphic
elastic solids with the usual thermal effects. More precisely, they studied the following
System

PUL = UUgy + bgoz - ﬁeza in (07 1) X (Oa OO) )
Jou = @y — bu, — Ep — dw, +mb, in (0,1) x (0,00), (7)
cly = kOrpy — YUz — Loy — k1w, in (0,1) x (0,00),
owy = kywyy — dpry — kow — k30, in (0,1) x (0,00).

They employed the semi-group method to demonstrate the solutions’ exponential sta-
bility independent of the wave propagation speeds, and their methodology was based
on the arguments provided in Liu and Zheng’s book [18]. A thermoelastic system was
recently examined by Dridi and Djebabla [19] under the influence of temperature and
micro-temperatures. They specifically took into account the following system

Pl = Mgy + bp, — B0, in (0,1) x (0,00),
Jou = 0ppy — by — E@ — dw, +mb + By, in (0,1) x (0,00),
cly = —yug — Loy — kiw,, in (0,1) x (0,00),
awy = k3Wyy — dpi, — kow — k3, in (0,1) x (0,00).

By using the multipliers method, the authors proved the exponential stability in the
case of zero thermal conductivity and without any condition placed on the system’s
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coefficients. For other studies see ([20]-|21]). Later, Saci and Djebabla improved this
result in [22|. Specifically, they proved that a unique dissipation given by the mi-
crotemperatures is strong enough to produce exponential stability for the case g =0,
if

2

N
X=XxXo——=20
cp

holds, where

<=

X0 =

SRS

In this study, we look at a Timoshenko-type one-dimensional linear system made up of
four partial differential equations: Two hyperbolic equations are linked to two parabolic
equations that represent the difference in temperature and microtemperature. In other
terms, investigate the Timoshenko system given by:

P11l = k (um + SO);U - 7917 in (07 1) X (07 OO) ’
PPt = b‘;pa:a: —k (uac + @) — YWz + '70 in (07 1) X (07 OO) , (8)
pSet = _klwx -7 (u:c + Sp)t ) in (07 1) X (07 OO) 3
wy = koW — ksw — k10, — Y0y, in (0,1) x (0,00),

with the following initial conditions

here u®, ul, ©°, !, w®, 0° are given functions,
and the boundary conditions

0,t) =¢(1,t) =0, t>0,
(10)
) =w, (1,t) =0, t>0.
The physical significance of the positive values ky, ko, k3 and b is widely established.
The first two equations create the Timoshenko system, which is connected to the
third equation, a heat equation, and the fourth, a damped micro-heat equation. More
specifically, we are interested in the study of a Timoshenko system (8) with just mi-
crotemperature dissipation and without thermal diffusivity, and we offer a new stability
number provided by

2
e =x1— 2 (11)
P3
where
X1 = bp1 — kps, (12)

proving that this unique dissipation is strong enough to drive the system to the equi-
librium state in an exponential manner if yo = 0 holds. Meanwhile, from the first
equation of (8) and the boundary conditions (10), we get

2 1

e u(z,t)de =0, Vt >0, (13)
t=Jo
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and therefore

1 1 1
/ u(z,t)de = t/ u'(z)dr + / u(z)dz, YVt > 0.
0 0 0

Consequently, if we set

1 1
u(z,t) = u(x,t) — t/ u'dzx —/ udz, t >0, z €[0,1],
0 0
we get
1
/ u(x,t)de =0, t > 0.
0

Now, from the fourth equation of (8) and the boundary conditions (10), we obtain
1
0
1 1
/ w(z,t)dx = (/ wodx> e s,
0 0

1
w(z,t) = w(z,t) — </ wodx) e s >0, 2€0,1],
0

1
%/ w(z, t)dr + kig/ w(z,t)de =0, Vt>0, (14)
0

thus

so, if we put

we arrive at .
/ w(zx,t)de =0, t>0,
0

and (u, ¢, 0, W) satisfies the same equations in (8)-(10). In what follows we will work
with @ and w but, for convenience, we write v and w instead of u and w. The following
describes the spirit of this manuscript: The existence and uniqueness result and its
proof are briefly summarized in Section 2, and then in Section 3, we show that the
exponential stability depends on a new relationship between the system’s coefficients.

2 Existence and Uniqueness

In this section, we give a brief summary of the existence and uniqueness result for
problem (8)-(10) using the semigroup theory. For more details, we refer the reader to
[23]. We will use the following standard L?(0, 1) space with the scalar product and the

norm denoted by
1 1
(U, v) 12 :/ w.vdx, ||u||%2:/ uldz,
0 0

respectively. So, if we denote U = (u, v, ¢, 1,0, w)T, where v = u; and ¢ = ¢;. Then,
system (8)-(10) can be rewritten as follows

{ U+ AU =0, t > 0,
U(.T, 0) = UO ([E) = (u07u1’9007(701a007w0)T7
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where the operator A : D (A) C H — H is defined by

(Y
k
AU = p_z;wz (uw—i—go) Tw, + 20 | (15)
- Uy — 71# kpl Wy
p3

kowzy — k:3w K10y — s
and H is the energy space given by
H=H. (0,1) x L2(0,1) x Hy (0,1) x L*(0,1) x L*(0,1) x H} (0,1),
such that
H!(0,1) = H"(0,1)N L2 (0,1)

L3(0,1):{¢6L201 / }

For any U = (u,v,p,,0,w)T € H, U = (ﬂ,@,gb,qz,é, w)T € H, we equip H with the
inner product defined by

1 1 1
<U,U>H:p1/0 vodx + po i w¢dx+k/0 (uz + ) (U + @) dz (16)

1 1 1
+ b/ Y Pzdr + pg/ 00dx +/ wwdz.
0 0 0

The domain of A is given by
D(A)={UeH|ueH(0,1)NH(0,1); ve H(0,1);
¢ € H*(0,1)N Hy (0,1); ¢ € Hy (0,1); 6 € Hy(€);
w € HZ(0,1) N H, (0,1)},

where
H?(0,1) ={¥ e H*(0,1) : ¥, (0) = ¥, (1) =0} .
Clearly, D (\A) is dense in H. So, from inner product (16), we have

1 1
(AU U),, = —k‘g/ w?dx — k2/ w?dr <0, (17)
0 0

from where it follows that the operator A is dissipative. Next, we prove that the
operator A is surjective. So that for a given K = (hy, hg, hg, hy, hs, hﬁ)T € H, we prove
that there exists a unique U € D (A) such that

(I-A)U =K. (18)
Now, we can give the following well-posedness result.

Theorem 2.1. Let Uy € H, then there exists a unique solution U € C (R, H) of
problem (8)-(10). Moreover, if Uy € D(A), then

UeC(Ry, D(A)NC (R, H) .
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3 Stability result

In this section, we use the multipliers method to estimate the energy of system (8)-(10).
To achieve our goal we state and prove the following lemmas.

Lemma 3.1. Let (u,p,0,w) be a solution of (8)-(10). Then, the energy functional
E (t), defined by

1 1
E(t) =5 / (2 + pag + pab” + w4+ bg% + k (s + ¢)°) da, (19)
0
satisfies

1 1
E' (t) = —kg/ w2dr — kg/ w?dx < 0. (20)
0 0

Proof. Multiplying (8),, (8),, (8);, (8), by w;, ¢, 6, w respectively, integrating by
parts over (0, 1), using the boundary conditions and summing them up, we obtain
(20). m

Lemma 3.2. Let
1
Li(t) = —pl/ wudr, t >0, (21)
0

and let (u,p,0,w) be a solution of (8)-(10). Then, we have
1 5e [ 1
I(t) < —,01/0 urdr + 7/0 (uy + ) da + 2k/0 2dx (22)
+l2/192dx, t>0.
2% J,

Proof. Direct computation, using equation (8), and then integrating by parts, we find

1 1 1
I(t) = —p / uldx + k/ (uz + @) updr — 7/ Ou,.dx
0 0 0

1 A 1
§—p1/ ufdx+—/ (ux+<p)2dx+k/ uldw
0 2 Jo 0
2 1
7 [
+2k/09dx.

By using Young’s, poincaré’s inequalities and the fact that fol u2dr < 2 fol (uy + cp)2 dz+
2 [! p2dz, we obtain (22). O

Next, we introduce the multiplier m given by the solution of the following Dirichlet
problem

—Myy = @z, m(0)=m (1) =0



100 Meradji S., Boudeliou M., Djebabla A.

Lemma 3.3. The functional I defined by

1 1
I = )01/ utmdm+pz/ prpdr, t>0, (23)
0 0

satisfies, for any 1 > 0, the following estimate

/ bl 1 2 1
I, < ——/ 2dx + 51/ ulde + ( py + / ©2dx (24)
2 Jo 0 de1 /) Jo

~? 1
2

— dx, t>0.

+Qb wa:p,

Proof. By differentiating the functional Iy, we get

1 1 1
]é = —b/ gpidm + pg/ gpfdx + p1 / wmydx (25)
0 0 0

1
—7/ W pdx.
0

Using Young’s and Poincaré’s inqualities, we get

1 1
pl/ wmdr < 81/ 2dx + 4pl / rdz, (26)
0 0 €1 Jo
1 bl V2 [
—’y/o wypdr < 2/ @xd$+ 5% wdz. (27)
Substituting (26)-(27) into (25), we conclude (24). O

Lemma 3.4. Assume that xo = 0, then the functional

1 oy’ 1
I(t) = pz/ o (uy + @) dx + (,02 + 5 ) / Yrupdx (28)
0 P3 0
_ gotedx t >0,
k)

satisfies the following estimate

ko 577 K\ [ 12
Ié(t)g_i/o (uy + @) dx—l—(zk —l—ﬁ)/o wid:c—l—%/o 0*dx (29)

2 2 1 1 1
+ (/02 + P2y ) / (P?d$ - —XQ/ cpxuttdx, t> 0.
p3k 0 k 0

Proof. By differentiating the functional I3 (¢) with respect to ¢ , integrating by parts
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over (0,1). Then, using (8),, (8), and (8),, we obtain

B0 =0 [ eutuatolde—k [ Gurofar—n [ tu+o

1
+p2/ dx—i—’y/@ux—i—(p dx+p/ Opgdr — —/ 0%dx
1
+ (Pz + P2 ) / Oauydr + ( ) / PrpurdT
/f/):’» 0

Vb '
- — gom@dx + 7 (ux + ) 0dx + wxedas

using equation (8),, we arrive at

b 1
Ii(t) = Zl %uttdx -1 / Oolbpdr — k / (uy + ©)° da
0

1 1 1
+pz/ w?dx—v/ wx(ux+s0)dm+7/ 0 (uy + @) dx
0 0

1 1
+ PQ/ Pz dr + ——— Py prdr + { pa + ﬂ / PraUrdx
0 p3k kp3 0

2 1
+ <p P2y ) / Ypugdr + —/ Hdxr — 7b cpmﬁdx
kps 0 k 0
1 2 k‘
+7/ (ux+<p)0dx—%/ 02dx + 1pﬂ/ prw,dr
0 0 0

psk

2 1

+p27 / PiUgpdr.
psk Jo

The relation (30) is reduced to

pZ,}/Q 1 1 )
L(t) = — (bm kps — p )/ soxuttdx—k‘/ (ug + ©)° dx
0 0

3

k
1 2
/ (uy + ) das+2v/ 9(ux+g0)dx+?/ w,O0dx
0

N
1 1 L 1

( pﬂ ) fdm——/ 92dx+ﬂ/ Yrwgde.
k Jo pskJo

101

(31)
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Now, by using Young’s inequality, we obtain
1 L[l , A2 [l
—7/ Wy (uy + ) do < —/ (ugy + ) dx—l——/ w2dz,
0 4 Jo k Jo
1 k 1
27/ 0 (uz + ) da < 4/ (uy + @) d:zc—l——/ 0*dz,

—/ wyfdr < —/ 2dx+—/ 6 dz,
/ﬁpﬂ/ k1p2/ 2 p27’ / 2
wydr < Ldr + dz.
sk Jo 7' 4psk psk Jo ¥

By substituting the previous inequalities into (31), the result follows.

L) —pg/ol (/Oxw(y)dy) bdz, t > 0,

satisfies, for any 9 > 0, the following estimate

kips [ 1 1 K2ps [
I(t) < — - 0*dx + 52/ uldr + 52/ prdz + 12{:—/ widx
0 0 0 1 Jo

k2 2 1 1
+ | b+ 303 + 7 / w?dx — vpg/ pfdx, t > 0.
k’l 252 0
Proof. By differentiating /,(¢) with the use of (8), and (8),, we obtain
1 T 1 T
1o = | (/ wt(y)dy> bir+ps | (/ w(y)dy) brda
0 0 0 0
1 T 1 T
= kgpg/ (/ Wez (V) dy) Odx — kgpg/ (/ w (y) dy> Odx
0 0 0 0
1 T 1 T
— kips / ( / 0z (y) dy) Odx — yps / / Pt ( )dy) Odx
0 0 0 0
1 T 1 T
[ ([ o) vas = [ ([Twwar) ws
0 0 0 0
1 T
—7/ (/ w(y)dy) prdz,
0 0
by integrating by parts and using the fact that fo x)dz = 0, we arrive at
1 1 T
I (t) = —klpg/ 0*dx — kgpg/ (/ w(y)dy) Odx
0 0 0
1 T 1
—'y/ (/ w (y) dy) gotdx+k‘2p3/ w,0dx
0 0 0

1 1 1
— 'ypg/ pifdx + ky / widx + 7/ wugdr.
0 0 0

Lemma 3.5. Let
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By using Young’s inequality, we obtain

! k2 k
kgpg/ wOdr < 2p3/ wrdx + 1p3/ 6 dz,
0 kv Jo 4 Jo
1 T 2 1 1
—kgpg/ (/ wdy) Odx §k3p3/ dex%—@/ 6dz,
0 0 kv Jo 4 Jo

1 1 2 1
'y/ wudx SSQ/ utdx + — dex,

1 T 1 ,y2 1
—7/ </ wdy> pidx Sag/ 2dx + —— w2dx.
0 0 0 ey

Estimate (33) follows by substituting (35), (36), (37) and (38) into (34).

Lemma 3.6. Let (u,p,0,w) be a solution of (8)-(10). Then the functional

YO ooy (1,
I5(t) = Pz/ / w(y) dy | rdr + P2k1/ o+ —— 7 / o dx
0 0 0 P3 Jo

k 1
el / updr, t >0,
P3 0

satisfies, for any €3 > 0, the following estimate

1 1
Ig( ) < —% fdx—l—gg/o (ux—l—gp)2dl‘+€3/o @idm

kQ b2 k2 2 1
+53/ 02dx +(p2 + +—+7—+v)/ widz
0 Y 2e5  deg des 0

k k3 pakt
+7p21/ux tda:—l—(pz + 221)/w§d:1:, t> 0.
P3 0 Y 2p3e3) Jo
Proof. By differentiating I5(t), we find
1 T
i =0 [ ([[wtts) oo =i [ ( [wwar) e+ 01 ts
o \Jo
1 T
—7/ (/ w(y)dy)wzdx—i— ( )de
0 0
1 1
T ko / waped — kapy / ( / w(y) )wtdx—m / e
0 0

1
k3 k
— VP2 / ©; P pdx - e / Uggpd
0
k k 1
prw/ gptwdaﬁ—i-pgkl/ Opdx —1—%.;)2 1/ ppdr
3 3

P2k Yp2k1
— utgoxdx — uwmdzv.
P3 Jo P3 0

103

(40)
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Thus
1 T
Ig(t):b/ (/ w(y)d )gomdx— /(/w )(ux—i-(p)dx
0 0 0 0
1 T 1 T
—7/ (/w() )wxda:—l—w/ (/ )de
0 0 0
1
—i—kjgpg/ wyprdr — k3p2/ (/ w (y )dy) prdx
0 0 0
1 kZ 1 k 1
—'ypg/ Ordr — &/ wepdr — P2 1/ UPde.
P3Jo P3 Jo
Now, by integrating by parts and using again the fact that fo x)dr = 0, we arrive
at

1 1 1
I5(t) = —’sz/ sOfd:erpzkz/ wmsotd:c—b/ W d
0 0 0

1 T 1 T
“tons [ ([wwan) ook [ [wmar) o @
0 0 0 0
1 1 T p2k2 1
+7/ dex+'y/ (/ w(y)dy)@dx——l/ wypdx
0 0 0 P3 Jo
k 1
+M/ Ugprdex.
P3 Jo
By using Young’s, Cauchy Swarchaz’s and Poincaré’s inequalities, we arrive at
1 k’2 1
pgk:g/ wypdr < WZ fdm—i— P2 / w?dzx, (42)
0 0 T Jo
1 T 1 /{32 1
—kgpg/ (/ wdy) ppdr < w/ rdx + P2 3/ wide, (43)
0 0 4 Jo 7 Jo
1 €3 1 bQ 1
—b/ wpdr < —/ ordr + — dex, (44)
0 2 Jo 2e3

1 x 1 2 1
_k/ (/ w (y) dy> (ug + p)dr < &3 / (uy + cp)2 dr + — widz, (45)
0 0 0 deg 0

1 T 1 '72 1
7/ (/ w (y) dy) fdx < 53/ 0*dx + — w2dx, (46)
0 0 0 des

k 1
_P2h / pdr < 2 | Q2de + p2 / wldz, (47)
which yeilds the desired result by inserting the relations (42)-(47) into (41). O

In order to deal with the annoying terms V%kl fol Uzpprdr and —vyps fol Op,dx, we
prove the following lemma.

Lemma 3.7. Let (u,¢,0,w) be a solution of (8)-(10). Then the functional

D2 1 b 1 k 1
Is(t) = —/ ©ldr + —/ 2dx + —/ ©’dx, t >0, (48)
2 Jo 2 Jo 2 Jo
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satisfies, for any €3 > 0, the following estimate

1 2 gl 1 1
Ii(t) < 53/ 2dx + Z— wdx + ’y/ Oprdx — k/ uzpedx, t > 0. (49)
€3 0 0

Proof. A differentiation of I (t) and an inegration by parts over (0, 1), we get

1 1 1
Ii(t) = —b/ OpPipdr — k/ (uz + @) peda — 7/ wypidx
0 0 0
1 1 1
+ Opidx + b/ Oz pedr + k/ pppde,
0 0 0

thus,

1 1 1
Ii(t) = —k/ Ugppydr — 'y/ Weprdx + 'y/ Opdx.
0 0 0

Then (49) easily follows owing to Young's inequality. O

We are now ready to state and prove the following exponential stability result. We
define for N, Ny, Ny and N3 > 0 the following functional

+N3'Y];§Zl I5 (t) + Nslg (), t>0.

(50)

We can simply establish that the functional energy F is equivalent to the functional
L using the Young, Poincaré, and Cauchy-Schwarz inequalities, that is, for two positive
constants k; and ks,

rE (1) < L(t) < ko E(t), Vt>0. (51)
Theorem 3.1. Let (u,p, 0,w) be a solution of the problem determined by system
(8), initial conditions (9) and boundary conditions (10) and that the coefficients of the
system satisfy the condition xo = 0. Then, (u,p, 0,w) decays exponentially, i.e., there
exist two positive constants A1, Ay such that

E(t) < ME(0)e™" vt >0. (52)

Proof. By differentiating equation (50), then recalling equations (20), (22), (24), (29),
(33), (40) and (49), we get

L(t) <-C, / w?dr — Oy / wrdr — C%/ idr — u+(p/ (up + )* da
—c,, / o2de — Cy, / w2dx — Cy / 6%dz, Vit >0, (53)
0 0

0
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where
2 2K k2 kk2 Kk 2
= — N — 57 P2\ _ nL k2 303 | P2 AR
Cw, = Nky — Ny o5 — Vo <4k + 4p3k> Ng,€1 N3 <72k1 + 2w3€3> N34537
= — ko K3 72 _ Napsk [ p2k3++? 202+ k242
Cuo = Nl — Ny (5 4 M 4 20) — Mok (ki | it
k 2 2
C@t_N?’ o — N322 — Nzez — Ny (p2+ 15 ) — No(p2 + 22,
P3 1 03 (54)
2 2
ko 47 kpses
Cg 2k ]\5[2 k N3 yp2k1’
2 _ kpses
CSOI - Nl N Yp2ki 2k7
Cuy = p1 — Nig1 — T2e,
— k_ kpses _ 5k
Now, by setting e = 5% and e5 = N , we obtain

2

— _ N2 _ 592 | k2| _ KR kkps | Napakki\ _ ar222
C’wz_NkQ N12b N <4k + ) N3k1 N3<,72k1 + N347

4psk 2vp3

_ _ k1 N3y2\ _ N3psk [ p2k3+92 | 2024k2442

Cuy = Nkiy — Ny (52 5 o ) — Mok (o ) ket
k P2 2

Cor = Nofft = 0 (;wa) ~ N (o2 ) - -1,

— N B N kps P
Cop = N3 2 ]\22 k Ypaks  2k?

— b _kps __
Ce, = Ni3 - 2k,
Out - % - N1€17

C(“I"‘W) =

Now, all these terms on the right-hand side of (53) become negative if we select our
parameters appropriately. First, we choose /Ny large enough so that

b kps
2 P2k —2%>0,
and N, large enough such that
kps 5k
N2§ ) > 0
Now, we pick €; so small so that
e < -
2N,

Next, we select N3 large enough so that

k 2 20972
N3—— %N, P2+& — Na | p2+ P2l ) L
2k 4eq P

and

Finally, we choose N large enough such that

72 k? k:2 kk2 Nspokk?
Nky — N12 _ N, (57 i 1P2) N3 N3( 2PB+ 302 1) N27 >0,

b 4k 4psk kq v2ky 27p3 4
k k2 N. N2psk k2 2 202 + k2
]\%3_1\73<1+_Jr 237)_ 33 (P2g+7+ + +7>>0'
ki psp P27k N3 4
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So, we arrive at

L'(t)

IN

1
[ 0 e+ 0+ ) de
0
< _/BQE(t))

for some positive constants 5, and ;. Having in mind the remark on the equivalence
of E(t) and L(t), we infer that

L'(t) < —diL(t), t >0, (55)
where d; = ’g—f > 0. A simple integration of (55) gives
L(t) < L0)e ™ t >0,

which yields the desired result (52) by using the other side of the equivalence relation
again. O
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