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1 Introduction

The study of contact problems involving thermopiezoelectric materials represents a
multifaceted research area in the field of materials science and engineering. In these
problems, we study the interactions that occur when two or more bodies come into
contact, with one or more of these bodies composed of materials that exhibit both
thermal, electrical, and mechanical aspects. This intersection of diverse material be-
haviors and physical forces presents both scientific challenges and promising opportu-
nities for technological advancements. In this context, we delve into the complexities
of contact problems for thermopiezoelectric materials, aiming to gain a deeper under-
standing of their behavior and harness their capabilities for innovative applications in
various domains, including sensors, actuators, and energy harvesting systems. General
characteristics of thermo-piezoelectricity can be found in 15, 18, 21].

In the literature, there are some mathematical results concerning the variational
analysis for this kind of problems; see, for instance, [1, 3, 4| for static models that
consider the effects of mechanical, electrical, and thermal interactions in frictional
contacts. The mathematical models that describe quasistatic frictional contact with
thermo-piezoelectric effects are already addressed in [5, 6, 7, 11, 12|, and more recently
in [8]. Numerical schemes and their error estimates for the aforementioned models were
also discussed for both static and quasistatic cases in [1, 5, 6, 8].
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The behavior of such materials when subjected to dynamic conditions can exhibit
notable differences from their behavior under static and quasistatic conditions, and can
lead to complex and challenging problems in engineering applications. Then, there is
significant interest in extending the contact problem for thermo-piezoelectric materials
to dynamic cases.

In this paper, we deal with a general model for the dynamic process of frictionless
contact between a deformable body and an electrically and thermally conductive foun-
dation. The material obeys a thermo-electro-viscoelastic constitutive law. Moreover,
a normal compliance condition and a regularized electrical and thermal conditions are
used to describe the contact. We derive a variational formulation of the problem which
is in the form of a system coupling a nonlinear hyperbolic variational equation for the
displacement field, a nonlinear parabolic variational equation for the temperature field,
and a nonlinear variational equation for the electric potential field. After this, we es-
tablish the existence of a unique weak solution to the problem. Finally, we introduce
the numerical analysis of the problem and derive error estimates for numerical approx-
imations. Let us remark that, up to date, there is no work dealing with the numerical
analysis of the dynamic contact problem arising in thermo-electro-viscoelasticity, and
that represents the main novelty of this work.

The paper is organized as follows. In Section 2, we state the mechanical problem.
In Section 3, we list the assumptions on the data and derive a variational formulation
of the model. In Section 4, we state and prove an existence and uniqueness result based
on the Banach fixed point theorem. Lastly, in Section 5, we analyze a fully discrete
scheme for the problem. We use the finite element method to discretize the domain and
a forward Euler scheme to discretize the time derivative. Additionally, error estimates
related to the scheme are derived.

2 Setting of the problem

In this section, we give a classic formulation of the problem of a thermo-piezoelectric
body in a dynamic process contact with a rigid conductive foundation and which moves
in such a way that frictional heating occurs.

Let us consider a thermo-piezoelectric body which initially occupies a bounded
domain ©Q C R? (d = 2,3) with a smooth boundary I' = 92. Let [0,T] be time interval
of interest, where 7" > 0.

For the sake of simplifying notation, we denote by x € QUI" and ¢ € [0, T'] the spatial
and the time variable, respectively. We will not explicitly denote the dependence of
various functions on x. Throughout this paper the indices i, 7, k,[ run from 1 to d. The
summation convention over repeated indices is used. The comma following an index
denotes a partial derivative with respect to the corresponding component of the spatial
variable, and a dot above a variable represents the time derivative.

Additionally, we use Div and div to represent the divergence operators for tensor
and vector fields, respectively, that is

Diveo = (Uij,j)a and divD = DZ,Z

We denote the space of second order symmetric tensors on R? by S¢. In addition,
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the symbols 7 -7 and |-| are used to represent the canonical inner product and its
associated norm on R? and S? that is

w-v=uw;, |v]=+vv-v, Yu,ve€R?
o-7=o0y7j, |T|=vT-7, Vo,7€S%

We denote by v the unit outward normal on boundary I' and we shall adopt the
usual notation for normal and tangential components of vectors and tensors

u=uV+u, u,=u-v and o=o,v+o, 0o,=(0V)- L.

In the end to present our problem, we denote by u : Q x (0,7) — R? the dis-
placement field, 6 : Q x (0,7) — R the temperature field, ¢ : Q x (0,7) — R the
electric potential, o : Q x (0,7) — S? the stress tensor, D : Q x (0,T) — R? the
electric displacement field and ¢ : Q x (0,7) — R? the heat flux vector. Moreover, let
e(u) = (g4(u)) denote the linearized strain tensor given by

1
5ij (U) = 5(’&2',]‘ + Ujﬂ').

We assume that the body is acted upon by a volume forces of density fy, a volume
electric charges of density ¢o and a heat source of constant strength ¢g.. As the process
is assumed to be dynamic, we have the following equations of stress equilibrium, quasi-
stationary electric field and heat conduction

pii — Dive = fj in Qx(0,7), (1)
divD = qq in Qx(0,7), (2)
0 + divg = R(it, @) + q. in Qx(0,7). (3)

Here a non negative function p represents the mass density and the nonlinear func-
tion R describe the influence of the velocity field and the electric potential on the
temperature. In [16] the following function was used

ou;

R, ) = 1|Vl — Myjbrep=—,
J 833j

where ;1 and M are the electrical conductivity coefficient and the thermal expansion
tensor, respectively. # is measured with respect to a reference absolute temperature

Oref-
We assume that the material is thermo-piezoelectric and obeys the following con-
stitutive laws

o= Ae(u) + Fe(u) — EE(p) — M in Qx(0,7), (4)
D = &c(u) + BE(p) — 0P in Qx(0,7), (5)

where A = (Ajju), F = (Fiji), € = (&iji), B = (Bi;) and P = (P;) are respectively the

viscosity tensor, the elasticity tensor, the piezoelectric tensor, the electric permittivity
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tensor and the pyroelectric tensor. Indeed, E(p) = —V is the electric intensity vector.
Notice also that £* is the transpose of the tensor £ given by
5* = (8* ), where gz);k = gk”

ijk
We express the heat flux using the Fourier law of heat conduction given by
q=—-KVo in Qx(0,7). (6)

where IC = (IC;;) is the thermal conductivity tensor.

In the end to prescribe the mechanical and temperature boundary conditions, we
divide T" into tree measurable disjoint parts I'p, I'y and I'c such that meas(I'p) > 0.
We assume that the body is fixed on I'p and a surfaces traction of density fy act on
'y, that is

u=0 on TI'px(0,7), (7)
ov = fn on D'y x(0,7). (8)

We also assume that the temperature vanishes on I'p U Ty, that is
0=0 on (PD U PN) X (O,T) (9)

On the other hand, for formulate the electrical boundary conditions we consider a
partition of I' , Uy in to two measurable disjoint parts I', and ', such that meas(T',) >
0. We assume that the electrical potential vanishes on I', and a surface electric charge
of density g, is prescribed on I'y, that is

=0 on [y x(0,7), (10)
D'I/:qb on I x (0,T) (11)

In the reference configuration, the body is in contact with a thermally and elec-
trically conductive foundation along I'c, then the thermoelectric contact is described
with the following regularized conditions(see 4, 17])

D v =1.(u, —g)or(p — r) on D¢ x(0,7), (12)
q-v="1c(u, —g)pr(0 —0p) on I'cx(0,7). (13)

Here, g denotes the gap function that characterizes the separation between the body
and the foundation at the contact surface. 0r and ¢p are respectively the temperature
and the potential of the foundation. . and 1), are the thermal conductance and
the surface electrical conductivity functions, respectively. ¢, is the truncate function
defined by

—L if s<-—L,
or(s) = s if |s| <L,
L if s> L.

Where L is a large positive number.
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We assume that the contact between the body and the foundation is frictionless,
i.e. the tangential component of stress is zero on the contact surface.

o, =0 on I'ex(0,7). (14)
We employ the following normal compliance contact condition
— 0, =p(u, — g) on T'¢x(0,7). (15)

Where p is a prescribed non negative function which vanishes when its argument
is negative, i.e. p(r) = 0 for r < 0. General forms of the normal compliance contact
condition can be found in [14, 19] and in the references therein. For instance, one
possible formulation is

p(r)=—r",
€

where € is a positive constant and 7™ = max{0;r}.

Finally, we prescribe the following initials conditions
u(0) =ug, w(0)=wvy, 6(0) =0y in Q. (16)

where ug, vg and 6, are given functions.

Thus, given the aforementioned assumptions, the dynamic frictionless contact prob-
lem for thermo-piezoelectric materials can be formulated in the following classical man-
ner.

Problem (P). Find a displacement field u : Q x (0,7) — R?, an electric potential
v :Qx(0,7) — R and a temperature field 6 : 2 x (0,7) — R such that: (1)-(16).

3 Variational Formulation

In this section, we derive a weak formulation of Problem (P). To this end we need
to introduce some notations and preliminaries.

We use standard notation for the Lebesgue and the Sobolev spaces associated with
Q and T'. We use the notations H, H' and H for the following spaces

H = [L*(Q)]' = {v = (w)lv; € L*(Q)}, H' =[H'(Q)",
H = {O' c Sd‘O' = (Uij);aij =0y € LZ(Q>}

The spaces H, H' and # are real Hilbert spaces endowed with the inner products
given by

(u,v)yg = / u;v;dr, Yu,v € H,
Q

(o, 7))y = / oijTi;dx, Yo, € H,
Q

(u, V) = (u,v) g + (e(u),e(v))y, Yu,v € H.
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The associated norms in H, H and H' are denoted by |.|,;, ||-|l;, and ||.||¢:, respec-
tively.
Under the space H we define also a modified inner product given by

((u,v))m :/puivida:, Yu,v e H,
Q

and the associated norm is denoted by ||.|| ;-
Keeping in mind (7), we introduce the closed subspace of H

V={wecH" |w=0 onIp}.

Since meas(I'p) > 0, the following Korn’s inequality holds: There exists ¢; > 0
depending only on 2 and I'p such that

le@)lly = crllvllgr, VoeV. (17)
We define over the space V' the inner product
(U7U)V = (E(U), 5(”))7‘[7 Vu,v e V.

and its associated norm |[jv[|;, = |[e(v)||,, is equivalent on V' to the usual norm ||.||g,
therefore (V, ||.||,,) is a real Hilbert space.

For simplicity, for an element w € H', we still denote by w its trace 7(w) on T'. By
trace theorem, there exists a constant cy > 0 such that

[wlliz2eye < collwlly,  Vw V. (18)

Next, for the temperature field and the electric potential we introduce the closed
functions subspaces of H'(Q)

Q={necH Q) |n=0 on TI'pUIy},
W={cH Q) |£=0 on T,}.

Over ) and W, we consider the following inner products

for all 8,7 € @ and ¢,& € W, and the associated norms
Inllg =1Vnlg, €y =IVE g (20)

Since meas(I'p) > 0 and meas(I',) > 0, Friedrichs-Poincaré inequality holds, there-
fore, there exists a constants c,; > 0 and c¢p2 > 0 such that

V€l = e ||§||H1(Q)a vEe W (21)
IVlg = e lnllme), ¥n e @, (22)
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It follows from (19)-(22) that ||.||; and |.[[, are equivalents on W and @Q, respec-
tively with [|.|| ;1 (o) and then (W, [|.[|;;) and (@, ||.||5) are real Hilbert spaces. Moreover,
by trace theorem, there exists a constants ¢; > 0 and ¢, > 0 such that

1€l z2rey S liélly . VEEW, (23)
HU“L?(FC) <calnlg, VneQ. (24)

Finally, for a real Banach space (Z, ||.|| ), we denote by Z’ the dual space of Z and
we use the notation (-,+)z/«z to represent the duality pairing between Z’ and Z. For
1 <p<ooand m=1,2,.. we use the usual notation for the spaces L?(0,T; Z) and
Wm™P(0,T; Z). We denote by C(0,T;Z) and C1(0,T; Z) the space of continuous an
continuously differentiable functions from [0, 7] to Z respectively.

For the study of the mechanical Problem (P) we list these assumptions on its
data.

(H1) The viscosity and the elasticity tensors A, F : Q x S¢ — S The electric permit-
tivity and the thermal conductivity tensors B, K :  x R? — R? satisfy

1. The usual property of symmetry and boundedness

Aijir = Ajir = Awiij = Aijic € L>(),
Fijit = Fiirt = Frij = Fijie € L=(Q),
Bz’j = Bji c LOO<Q), ICij = ICji S LOO<Q)

2. There exists m4 > 0, mz > 0, mg > 0 and myx > 0 such that

Aijioijon > malol®, Fiuoyou > mrlol,
B¢ > mp ¢, KiGG > m ¢

for all 0 € S? and ¢ € RY.
3. There exists M4 > 0, Mz > 0, Mg > 0 and My > 0 such that

My = sup [ Al ooy Mr = sup || Fijuall oo o »
ijkl ijkl
Mis = sup [[Bijl oo 0y, M = sup [Kijl o) -
1) )

(H2) The thermal expansion tensor M : Q x R — S% the pyroelectric tensor P :
Q x R — RY and the piezoelectric tensor £ : Q x S — RY satisfy

1. The usual property of symmetry and boundedness

Mij = Mj,' & LOO(Q), P; € LOO(Q), Sijk = &'kj < LOO(Q)



On the Dynamic Frictionless Contact Problem with Normal Compliance 11

2. There exists Ma; > 0, Mp > 0 and Mg > 0 such that

My = sup 1Mooy - M = Sp [Pl iy Me = 500 [l
ij 7 ()

(H3) The function R : V- x W — L?*(Q) satisfies that there exists Mp > 0 such that

IRAC1 &1) = R(C2s )l 2y < Mm (161 = Cally + (161 = E2llw ) »

for all Cl,CQ €V and 51,52 e .

(H4) The normal compliance function p : ['c x R — R™ satisfies

1. There exists L, > 0 such that
Ip(z,61) — p(7,%)| < Lypls1 — 2|, V1,52 €R, ae. x € Tg.

2. x +— p(z,<) is measurable on I'¢ for all ¢ € R.

(H5) The thermal conductance function 9. : I'c x R — R* and the surface electrical
conductivity function v, : I'c x R — RT satisfy

1. For w = wcawm
P(x,6) =0,¥s <0,a.ex € I'¢.

2. For ¢ = 1., 1., there exists L, > 0 such that

[Y(z,61) — (2, 6)| < Lyl — 2|, V<1, € Randz € T'e.

3. For ¢ = 1., 1., the function = — 1 (x,<) is measurable on I'¢ for all ¢ € R.

(H6) The forces, the traction, the volume, the surfaces charge densities and the strength
of the heat source satisfy

fo € L*(0,T; H), fn € L*(0,T; [L*(Tx)]%),

q € L*(0,T; L*(2)), q» € L*(0,T; L*(Ty)),
g € L*(0,T; L*(Q)).

(H7) The initial conditions, the gap, the potential and the temperature of the founda-
tion and the mass density functions satisfy

u €V, w€H, 6heL*Q), g€ L*(Tc),
orp € L*(T¢), 0p € L*(T¢), pe€ L>®(Q).
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Next, we define the elements f(t) € V', q.(t) € W’ and gy (t) € Q" by

(f(t),v)vixy = /Qfo(t) -vdx —i—/F fn(t) - vda, (25)
(4.(t), oy = /Q wo(t)edz — /F a(t)eda, (26)
(4 (8), Moy = / go(tyndz, (27)

forallweV, e W, ne @ andt e [0,T).

We define the mappings j; : VXV = R, jo : VXW XxW — Rand j, : VxQxQ —
R by

Ja(u,w) = /F p(u, — g)w,da, (28)
je(ua ®, é) - . ¢e(uu - g)¢L((P - ¢F)£da7 (29)
Jin(u, 0,n) = A Ye(uw, — g)¢r(0 — Op)nda. (30)

Finally, we apply the Banach fixed point theorem to deduce that there exists a
unique element ¢y € W such that for all £ € W

(BVo, VE)u + (0P, VE)r — (Ec(un), V&) i + je(uo, 0, §) = (¢e(0), ) w (31)

The equation (31) ensure the compatibility between the initial conditions.

Now, by utilizing Green’s formula, we obtain the following variational formula-
tion of Problem (P) expressed in terms of displacement field, electric potential and
temperature field.

Problem (PV). Find a displacement field u : (0,7') — V, an electric potential
¢ :(0,T) — W and a temperature field 6 : (0,7) — @ a.e. t € [0,T] such that for all
weV, £eWandne@

(), w))m + (Ae(a(t)), e(w))a + (Fe(u(t)), e(w))n + (EVe(t), e(w))u

(32)
— (OO M, e(w))y + ja(u(t), w) = (f(t), w)vrxv,
(BVe(t), V&) u + (0()P, VE)m — (Ee(u(t)), V&) m + je(ult), (1), £) (33
= (¢e(t), wrxw,
(0(8),m)12(0) + (KVO(1), Vi) — (R{u(t), o(2)), 1) () + Jon (ult), (1), ) (34)

= (@ (1), )@ xq
U(O) = U, U(O) = 9, 0(0) = 00. (35)
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4 Existence and uniqueness result

Our main existence and uniqueness result of the solution of Problem (PV) is the
following.

Theorem 4.1. Assume that (H1)-(H7) hold, then there exists a unique solution
(u,,0) of Problem (PV), Moreover the solution satisfies

we W0, T;V) N CH0, T H), i € L*(0,T; V"), (36)
o€ L2(0,T5W), (37)
6 € L*(0,T; L*(2)). 38)

The proof of Theorem (4.1) will be carried out in several steps, and it is based on
results of evolutionary variational equalities and Banach fixed point theorem.

Let ¢ € L*(0,T;V’). In the first step, we consider the following intermediate
problem of displacement field

Problem (PVCdp). Find wu(t) € V for a.e. t € (0,T") such that

(e (t), w)) i + (Ae(ic(t)), e(w))a + (C(1), w)vrixy = (f(E), w)vrsy, Yw eV, (39)
Uc(O) = Ug Ug(O) = 1p. (40)

Lemma 1. For allw € V and for a.e. t € [0,T], the Problem (PVCdp) has a unique
solution us € W12(0,T; V)N CY0,T; H) and i, € L*(0,T;V"). Moreover, if us, and
ue, are the solutions of (PVC‘fp) and (PVép), respectively, then there exists a constant
C >0, such that

lug, (£) = ue, (DI, < C/O I61(s) = Ga(s)lIy ds, ¥t € [0, 7). (41)

Proof. By using the Riesz’s representation theorem we define the element f.(t) € V'
such that for all ¢ € [0, 7]

(fe(®), w)vrey = (f(E) = C(E), w)vrxy
and the operator A : V' — V' defined by
(Au, w)yrxy = (Ae(u), e(w))y.
Recalling the Gelfand triple V€ H C V', let us denote
(u,v)vixy = ((u,v))g, forallue HoveV.
Then the equation (39) can be rewritten as follows
tic(t) + Auc(t) = fe(t), Vtel0,T]. (42)

It is easy to see that, the operator A is bounded, hemicontinuous, monotone and
coercive. We recall that f; € L?*(0,7;V’) and vy € H, then by using a standard
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result on evolution equations with monotone operators (see [20, p.48|) we can prove
the existence and uniqueness of v, such that

ve € L*(0,T;V)NC(0,T; H); o € L*(0,T;V"), (43)
Vc(t) + Ave(t) = fe(t), ae. t €]0,T], (44)
ve(0) = . (45)

Let u¢ : [0,7] — V the function defined by

uC(t) = Ug —|—/0 UC(S)dS, vVt € [O,T]

Then from (44) and (45), we conclude that u¢ is a unique solution of the equation
(42) combining with the initial conditions (40).

Now, we turn to prove the inequality (41). Let (3, (s be two elements of €
L*(0,T; V') and let u¢, and uc, be the corresponding solutions of (PVCCfp ) and (PVCZP )
respectively. We write the variational equality (39) successively for u¢, and u, for
w = 1, () — U (s) , and subtract the resulting equalities we obtain that

((ii, (5) = ticy (s), i, () — ey ()))
+ (Ae(i, (s) — g, (s)), e (i, (s) — gy (5)))ne (46)
+ (Gils) = Ga(s), gy (8) = iy (8))yrey = 0.

By using the coercivity of A and cauchy-schwartz inequality we find

1d ) . .
2d || Cl( ) u42(8>||§—1+m-/4||u<1(8) _uCz(s)H%/

< [1Gi(s) = o)l [l (s) — iy (s) [l -
Integrating this inequality over the interval time variable (0,t), and using the in-
equality

(47)

1
ab < aa® + 4—62, Va,b € R,a > 0. (48)
a

We obtain that

1. . b .
5 i, (6) = i, )1 + s / e, (5) — ey (5)1% ds

< g [ 166) = G ds+ 72 [ i o) — i) ds

[ i) - el s < [ o) - Gl ds (50
0

Remembering that for all ¢ € [0, 7], we have

Then

lug, (t) = u, (1)1, < T/O g, (5) = gy (s)IIy, ds, ¥t € [0,). (51)

Finally, we combine (50) with (51) to deduce (41). O
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In the second step, let x € L*(0,T; W), we utilize the displacement field u, obtained
in Lemma 1 in the construction of the following problem in term of temperature field.

Problem (PV/").
Find a temperature field 6., : (0,7) — @ such that

(O (8), M) z2@) + (KVO (), Vi — (R (1), X(1), m) 22

+ e (uc (1), Oc (1), m) = (@n(t), Marxq: V0 € Q,

0. (0) = by (53)
Lemma 2. For alln € Q and a.e. t € [0,T], the Problem (PV") has a unique

solution ¢, € L*(0,T; L*(Q)). Moreover, if O, , and 0, , are solutions of (PVZ", )

and (PVéhXQ), respectively, then there exists C' > 0 such that for allt € [0,T],

(52)

166 () = b (D 720y < C/O 16X (8) = (G x2) () [Vrw ds. - (54)

Proof. The existence and uniqueness result was established by Essoufi et al. in [12] by
using the Faedo-Galerkin method.
On the other hand, for (1, x1), (¢, x2) € L*(0,T; V' x W) we denote by 6, ,, and

O¢,.x. the corresponding solutions of (PV/" ) and (PVC'Z‘XQ), respectively. We write

(52) for ((1,x1) and (Co, x2), respectively, with taking n = 6, ,(s) — b¢,1,(s), and
subtracting the resulting equalities we obtain that

(éCth(S) - 6’(2»@(3)7 O (5) = 0o xa(5)) 12(0)
HKV (01,31 (5) = 062,52 (8)), V{(Ocr 31 (8) — Ocoxa()))
= (R, (s), x1(s)) = Rty (5), X2(5)), Ocy 30 (8) = Oox2(5)) 22(2) (55)
+in (U (8), 03 x> (8), 01 31 (8) = O xa ()
= Jen (U, (5), 0c1,31.(8), 0c1 3 (5) = O xa (8))-
Notice that

S

’jth (’U,<2 (3)7 6(2:)(2 (5>> 9(10(1 (8) - 9(20{2 (S))
_jth (UC1 (8)7 0{1,X1 (3)’ 0(1»(1 (S) - QCQ,XQ (8))| (56>
< LLy.cocs [lug, (8) = uey ()l 10¢1,x:(8) = O o (8)ll 5 -

Then, using the coercivity of K, the continuity of R, the Cauchy-Schwartz inequality
and the previous inequality, we deduce from (55) that there exists a constant C' > 0
such that

1d
2ds 10c11 () = O v (S)Hi?(g) + 1 (1065, () = Ocaux (3)||2Q

<C <H%(S) = Uiy (3)lly 1010 (8) = O xa(8) | 2 )
+xa(8) = X2 ()l 101 (5) = 0o ()] 2

+lue () = ue, (3)lly 103 (s) = 942,XQ(S)HQ> :
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Integrating this inequality over (0,¢) and by using the inequality (48) several times,
we obtain that there exists C' > 0 such that

t
H€C1,X1 (t) - 9C2,X2 (t)“iQ(Q) <C </O ||941,X1 (S) - 0(2,X2<S)Hi2(g) ds
t

) \|U<1(8)—U<2(S)H2vd5+/o g, (5) — iy (5) 15, ds (58)

+ [ Ihals) = xa()I5 ds) |

0
By Gronwall inequality, we find that there exists C' > 0 such that

t
165 () = baa Dl 720 S C (| Nluca(5) = uga (s)II5, ds
() 0

+/Ot i, (s) — g, (s)1y, ds + /Ot Ix1(8) — xa(8)|[5 dS) :

Keeping in mind the inequalities (41) and (50), the inequality (54) holds. O

(59)

In the third step, we use the displacement field u, obtained in Lemma 1 and the
temperature field 6, obtained in Lemma 2 in the construction of the following prob-
lem in term of electric potential.

Problem(PV¢ ).

Find an electrlc potential ¢ : (0,7) — W such that
(BV@ex(t), V& i + (e x (P, VE) u — (Ee(uc(t)), VE)u
+je<uC(t)790C,x(t)>€) = (Qe(t>7£)W’XW7 V£ S w.

Lemma 3. For all ¢ € W and a.e. t € [0,T], the Problem (PV£) has a unique
solution @c, € L*(0,T;W). Moreover, if o, y, and @, , are solutions of (PVE, )

and (PVC‘;IX ), respectively, then there exists C' > 0, such that for all t € [0, T

19¢ 0 () — Cena )l < C/O (G x1)(8) = (Gou X2) (8) |5 uy ds. (61)

Proof. The existence and uniqueness result was established by Essoufi et al. in [12]. For
(C1yx1), (Goy x2) € L2(0, T; V! x W), let ¢, x, and ¢¢, y, be the corresponding solutions
of (PVE ) and (PVE ), respectively.

C1,X1
By taking the substitution (¢, x) = ({;, x;) in (60) and choosing & = ¢¢, v, — ©caxs

for i = 1,2, we find that

(BV(©¢1,0 (1) = Pz s () V(cixa (1) = P () 1

+ (O 31 (8) = Oca e ()P, V(0130 (B) = 0500 (1))

= (Ee(ug, () — ue, (1)), V(oexa (B) — 0eane (1)) (62)
+ Je(tey ()s P s (B)s 01 (B) — P (B)

— Je(te, ()s Perxa (8), Pcina (1) — Peaxs (1))

(60)
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It is easy to see that

|je(uC2 (t)v Pla,x2 (t)a Péixa (t) — Plaxe (t))
_je(uC1 (t), Plixa (t), Pix1 (t) — Plaxe (t)>| (63)
< LLy,cocn [[ug, (1) — ue, ()l 91,5 (1) — ©caxa Oy -

Then, from the previous inequality, the coercivity of B and the continuity of P and
& we deduce from (62) that

mpg ||§0C1,X1 <t> — Pla,x2 (t)HW < MP ||041,X1 <t> - 0(2»){2 <t>||L2(Q)
+(Mg + LLy.cocr) |lue, (t) — ug, ()], -
The inequality (a + b)? < 2a® + 2b* leads to

M?2 9
H@Cth(t) - 9042&(2( )HW < 2 P ”641 Xl( ) - 6(2:X2(t)HL2(Q)

(64)

65
(Mg + LLweCUCl)2 ( )

2
+2 m%’ ||uCl (t) — U (t)HV .

Keeping in mind inequalities (41) and (54) the inequality (61) holds. O

In the last step of the proof, for (¢,x) € L*(0,T;V’' x W) we denote by uc, 0

€
and ¢, the solutions of problems (PV V), (P Vg’;() and (PVCEIX) respectively, and we
consider the operator A : L?(0,T; V' x — L*(0,T; V' x W) defined by

W)
A(¢ x) = (AL(C, x), A2(C, X)), (66)
where
(AL, x), w)v = (Fe(ue(t)), e(w))u + (€ Vi (1), e(w))u
= (Oex ()M, e(w))a + Jaluc(t), w), (67)

A2(¢, x) (1) = (1), (68)
for all w € V and a.e. ¢t € [0,T].

We have the following result.
Lemma 4. There exists a unique (C*,x*) € L*(0,T; V' x W) such that A(C*,x*) =
(€ x7).
Proof. Let (C1,x1), (G2 x2) € L*(0,T; V' x W) and for i = 1,2, let ug,, O, ,, and ¢, ,
the solutions of (PVgp ), (PVE! ) and (PVE ) respectively.
By (67)-(68) and after some algebra, we obtain
IAL(Gyxa)(8) = AL(Go, x2) ()15 < (2MZ + 265 L) [lu, (1) — ug, (1)1

2 2
+2M52 ”QOCl,Xl (t) — Pla,xz (t)HW + QM.%/I HQCLXl - 6(20(2 (t)“L2(Q) )

IA2(C, x1) (1) = A2(Co, x2) ()l < 10 (8) = Peana ()l - (70)

(69)
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Combining (69)-(70) with the estimates (41), (54) and (61), we conclude that there
exists a constant C' > 0 such that

IA(C x1)(8) = MGy x2) ()3

(71)
<O/ 1 x0)(8) = (G X))y ds.

Here and below, we denote by A¥ the power of the operator A. Reiterating the
inequality (71) k times and after some algebra we get

1A (G xa)(8) = A (Ga x2) (B3

Chgh—=1 pt ) (72)
5 | 16300 = (€axa) o) e s
for all t € [0,T], that leads to obtain the formula
1A% (61 x0) = Ao x2) [0
73
< C [ 166 = @) o . "
Finally, we get

HAk(Ch X1) = Ak(C?ﬂ X2>HL2(O,T;V’><W)
74
<\ G0 ~ @l raan "

This inequality shows that for a sufficiently large k the operator A* is a contraction
on the Banach space L?(0,T; V' x W), therefore, Banach fixed point theorem shows
that A admits a unique fixed point (*,x*) € L?(0,T; V' x W). ]

We are now ready to prove Theorem (4.1).

Proof of Theorem (4.1). Let (¢*,x*) € L*(0,T; V' x W) be the unique fixed point of
the operator A, we denote by u¢- , f¢« \~and @¢- .+ the solutions of problems (P‘/'Ccip ),
(PVE o) and (PVE .), respectively. Therefore, we conclude that (uc-, pce y+, ¢ y+) i
the solution of Problem (PV).

The uniqueness of the solution of Problem (PV) is a consequence of the uniqueness
of the fixed point of A. n

5 Fully discrete approximation and error estimates

In this section, we introduce a fully discrete approximation for the Problem(PV) and
we establish an error bound for the resulting approximate solution.

Let 7" = {T,}, a finite element triangulation of Q compatible with the boundary
partitions where h represents the spacial discretization parameter and let P!(7) the
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space of polynomials of global degree less or equal to 1 in 7,, We then define the
following finite-dimensional spaces

Vh = {wh € [C(Q)]d,w‘hT e P(T)]%w"=00onTp}CV,
Wh = {e" e C(Q), ¢, €PY(T,),&" =0o0nT,} CW,
Q"= {n" ¢ C(Q),n‘hﬂ ePYT,), " =0onTpUTN} CQ,

approximating the spaces V', W and @), respectively. For the time interval, we consider
a uniform partition to = 0 < t; < ... <ty =T of [0,T]. We denote by k the time step
size given by k = % Moreover, for a continuous function g we denote g(t,,) = gn, and

for a sequence {y,}"_, we denote dy,, = n—pnt,

Let ul, vl, 6% and ! be the appropriate approximations of the initial conditions
ug, Vo, By and g, respectively.

To simplify again the notations we introduce the velocity field v such that
t
u(t) = up —i—/ v(s)ds, Vte[0,T]. (75)
0

The fully discrete approximation of the Problem (PV) can be expressed using the
backward Euler scheme as follows.

Problem (PV"*): Flnd a discrete displacement field u"* = {u"*}N_ - c V' a dis-
crete electric potential ¢"* = {gohk N, CW"and a dlscrete temperature ﬁeld o =
{0M N € Q" such that fora all w" € V" ¢" € W and n* € Q"

(0", w")) i + (Az(vy), e(w’”‘))m (Fe(upty), e(@")y + (€Yt e(w"))n

(76)
— (005 M, e(w"))gg + Ja(urt 1, w") = (fo, W),
BV, VE ) 1 + (0,"P, VE ) — (Ee(uy), VE ) + Je(uy”, 0021, €") )
= (Qenafh)W’xWa
(60", 0" 120y + (KVOE, V") — (R(u", 0nt 1), 0" pacey + Jen(un®, 031, 0") 79)
= (@h,» h)Q 'xXQ>
u'(0) = ug,  v"™(0) =vg,  0"(0) =065, ¢"(0) = . (79)

Here the discrete displacement field and the velocity field v"* = {vfl‘k} are related
by

n
ul = 5™ and  uM =l + kaf‘k, n=1,..,N.
i=0
Using the same arguments presented in the previous section, it can be shown that
Problem (PV"*) has a unique solution (u*, "% §"%) C Vh x W x Q". Our goal here
is to estimate the following numerical errors Hun — uhk’ v ||vn - UZka Yn — ‘ng“W’

16 = 05| 120y and [[0n = 62"l -
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Theorem 5.1. Let the assumptions of Theorem (4.1) hold and ¢y s the solution
of (31). Let (u,p,0) and (u"* ©"* 0"%) denote the solutions of problems (PV) and
(PV",), respectively. Under the following reqularity conditions

ve CO,T; H* Q)Y N H'(0,T; V)N H*0,T; H), vr, € C(0,T; H*(Tc)Y),  (80)
p € C(0,T; H*()), (81)
0 € C(0,T; H*(Q)) N HY0,T;Q) N H*(0,T; L*(Q)), 6 € L*(0,T; H(Q)). (82)
There exists ¢ > 0 independent of h and k such that

s {2+ [l =+ o — ]

(83)
10— 0+ 0~ 02 ) < ),

Proof. everywhere below, we denote by ¢ various positive constants which are depends
on the problem data, but they are independent of the discretization parameters h and
k and their value may vary from line to line.

Let us first obtain an error estimate on the velocity field. We take (32) at time
t =t, for w = wh € V" and subtracting it from (76) to obtain that for all w" € V",
we have

(00 — 0v%, "))+ (Ae (v — %), e(w"))p + (Fe(un — upt ), e(w’))
+(EV (o — %)), 5(wh))H — (00 = O3 )M, (")) (84)
+jd(un> ) _jd( Up— 17 h) = 0.

We write the previous relation for w" — v"* to obtain that for all w" € V*

(0 = ") 00 = 03" + (Ae(vn — ), 6(’Un — )
= ((0(vn = "), v0 = ")) + (000 — Oy 0" — 03" )) g
+ (Ae(vn — "), (v — W)y + (Felun — upty), e(vp —w"))y (85)
+(E°V(on = @if) e(op” = w"))a + (00 — 92’11)/\4, e(w" —vp*))

+ ]d( ul® l’wh o Uhk) . ]d(unywh o ,Uhk)

From properties of the function p, we can easily see that
[a(unt, w" = o) = jalun, w" = )| < Ly [Jun — [, [l = 0¥l (86)

Keeping in mind that

1
> o (o= ol = o =254 05) . (87)

the coercivity of A, the continuity of A, F, £ and M , Cauchy-Schwartz inequality
and the inequality (48) we can deduce from (85) that there exists a constant ¢ > 0

(0o = ") v = 03"
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such that
o = 0 = s = By o — o5 < {5 = Bl

[l = [l llow = [+ e =il + [[Bamr = 6254 ] 59
s = @y + llen = et + 18 = iy + o — 2y |

+ 2k((6(vy — V™), v, — W) g

Secondly, we proceed to estimate the numerical error on the temperature field, we
take (34) at time t = t,, for n = 7" € Q" and we subtract it to (78) to obtain that for
all " € Q" we have

(0n — 602% 0"V 2y + (KV (0 — 01%), V") %
= (R(vn, 0n) = R(", 0020),0") 1200 (89)
+ Gen (035 1 0") = Gen (i, O, ")
Thus, we substitute " by " — 0% to get
(0B = 02%), 00 — 0,5 L2y + (KV (0 — 0,5), V(0 — 0,7))
= (60, — O 1" — sz)ﬂ(sz) +(6(0n — 03°), 0, — 77h)L2(Q)

(K, 07,90 = )i + (Rl o) = RO ) o — 0y )
+ gen (" On" 0 1" = 00) = Jen (s Oy 0" — O2F).
From the properties of the functions 1. and ¢, there exists C; > 0 such that
e (005 1,0 = O3F) = on (i, O, " — 037
< Lyucoes un — w1 — 6%, oy
Using an analogue idea to (87), we have
(6(8n — 0,5), 00 — 03°) 20
(92)

1 9 )
= 2%k (”9” n QZRHLQ(Q) - H‘gnfl - ezlilHLz(Q)> .

By using the coercivity of K, the continuity of K and R, the Cauchy-Shwartz
inequality and Keeping in mind (91) and (92), we can deduce from (90) that for all
n" € Q" we have

2
HG" - ezkHL2(Q) - Hen—l - 9212

Sck‘{

2
+1lon = Gn-tllyy + [ — “ZkHv} + 2k (00, — O2), 00 — ") L2

2
iz + 4 116n = 03l

O = 000|160 = 2"l llow = 115 + lons = Bl (03)

2
L
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Thirdly, we turn to an estimation of the error estimate on the electric potential.
We take (33) at time t = t,, for £ = £&" € W" and we subtract it from (77) to obtain

that for all £ € W" we have
BV (¢n = ¢3"), VE 1 + (00 — 025)P, VE ) i — (Ee(un — "), VE" (94)
+ je(una Pns fh) - je(uzkv szlilv £h> =0.

Thus, if we substitute £" by &" — ©* in the previous equality, we get
(BY (g = @3"), Vign — o)) = (BV (00 = 91), V(e =€)
= (00 = 0P, V(" — o)) + (€6 (un — uy"), V(E" — 02")) (95)
+ Je(tn", 0n" 1, 6" = @) = Je(ttn, 0n, € — 07).

We also have that

‘je(uzka 90?11317 fh - @Zk) - je(um Pn; fh - @Zk)‘

(96)
S LLwe CoCq ‘

hk h hk
Up — Up ”VHg — ¥n HW

Keeping in mind (96), the coercivity of B, the continuity of B, P and £, Cauchy-
Shwartz inequality and the inequality (48) we deduce from (95) that there exists ¢ > 0
such that for all £ € Wh

lon = @bl < e llun =¥l +116n = 622y + 16— enlly (97)
807’1 (pn w — n n Vv n n L2(Q) Spn w .

Now, we combine (88), (93) and (97) to obtain that there exists a constant ¢ > 0
such that for all {w!}?, Cc Vh {¢h}r, c Whand {ni}r, C Q"

o = ¥ 4 10 = 0 oy + e = 5[ + 8 32 (o = i[5
i=1

0= 02515) < oo = <515 + 1160 = 06 oy + o — 2515

n . 2
e k;(l\@n—%nﬁﬁ R e D]
o =} + (16— 1+ e — €17 ) (98)

k30l =l [+ 10 = 0 ooy + s = e[

=1
2 2 2 2
+hY <||Uz‘ — i1y + 10 — Oi1[[2 ) + 10: — Oiallg + [l0i — %—1Hw>]
i=1

+ 2k Z((CW% — o), v — w}))g + 2k 2(5(@- —01"),0; — 1) r2(0)-

i=1 =1

Recalling that
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2k Z((5(vZ — o) v — W)y < ||vn — UZRHZ + c{an — wZHZ
i=1

e
o = w15+ flox = w5+ 8D o= o (99)
1n—1 -
+ A Hvl —w; — (Vip1 — Wiy ||H
i=1

and

2k (6(8; — %), 6, — 1) 12@) < 72 [6n ethm +C{H9 ”ZH;(Q)

=1

n—1
+ H90 - 9(};“;(9) + ”91 o 77?“?:2(9)} + kz ”9Z o elthi,Q(Q) (100)
=1

Hei — = (01 — 77?+1)||i2(9)

HMH

1
k

where v; > 0 and 7, are two parameters chosen to be small enough.

Also, we have( see [2] for more details)

s — || < ck > ||v; - v?’f||zv +e(h*+ K, i=1,..,N. (101)

J=1

Combining (98),(99), (100) and (101), using a discrete version of Gronwall s inequality,
we obtain the following error estimates for all {w!}Y, c W {nt}¥, Cc Q" and
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{&, cwt

N
ma { o — oG+ 100 = 05Ty + llon = Sl } 48 D0 (llos =2
i=1

1<n<N
16 = 02¥117) < e [llvo =B [ + 160 = 86 20 + llveo — i
i i llg) = 0 ollg 0 0llz2(q) Yo — PLollw

+ max {flon =l + 100 =kl 5o, + e — €21 }

N
Y (llm -
=1

b= 0 =l -+ =
7 7 L2(Q) 1 iy 7 illQ

N
e (s = wiallf + 10: = 65l + o = 01l )
=1
hil2 h1l2 1 = h h 2
o [Jor = w100 = 1l oy + 5 Do Mloe = w0 = (in —wi) [
=1

e
"% Z 16; = " = (61 - 771]'11)“22(9) + 24k
i—1

(102)

Next, we denote by I1% the standard finite element interpolation operator over the
space Z. We choose w)} = II{v,, & = IIjy@, and 5 = 130, the finite element
interpolants of v,, ¢, and 8, respectively. Using standard finite element interpolation

error estimates|[10], we have the following approximations

||Un - wfb”v <ch ”UHC(O,T;H2(Q)d) ;
[[vn = wnl|,; < ch? 1vlleo7, m20)a) »
|on — fZHW < chlléllcorm@y -
16, — UZHQ < ch |10l o 7.m2(0)) -

h

We assume that the discrete initial conditions ull, v, 0% and @} are defined by

ug = H}‘L/UQ, 'Ug = H}‘l/?]O, 98 = H%eo, 903 = H}IjV()OO
Then (see [10, 13])
HUO - ugHv < ch ||“Hc(0,T;H2(Q)d) J
[vo = ||,y < chllull ooy
HOO o QQHH(Q) < ch HQHC(&T;Q) ’

o — &bl < ch el om0y -

(107)
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Moreover, from (80) and (82) it is easy to check that

N
k Z (H@i — ouil %
-1

Proceeding as in [9] we obtain that

2
2 2
il Q)> < ck? (HUHH?(O,T;H) + ||9||H2(0,T;L2(Q))> . (112)

N-
1 2
- Z (HUz - wzh — (Vig1 — w?ﬂ)HH + Hez - th — (01 — 77?+1)HL2(Q)>
ko (113)
2 2
< ch? (HUHHl(O,T;V) + ||9||H1(0,T;L2(Q))> )
and from [13]| we find
2 2 2
B (s = wically + 16 = 032y + s — iy )
i=1 (114)

2 2 2
< ck? (HUHHl(o,T;V) + 11007 0.7 22(00)) + ”90||H1(0,T;W)> :

Now, we combine the estimates (103)-(114) with (102) to find that there exists a
constant ¢ > 0 such that

mas { o = o + e = @[5 + 160 = 024112

1<n<N
N (115)
3k (flon = R[5+ (16— 027 < elh® + k).
i=1
Finally, we combine (115) with (101) it leads to (83). O
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