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Abstract We present explicit formulae for the Faddeev eigenfunctions and related general-
ized scattering data for multipoint potentials in two and three dimensions. For single point
potentials in 3D such formulae were obtained in an old unpublished work of L.D. Faddeev.
For single point potentials in 2D such formulae were given recently in [11].
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1 Introduction

Consider the Schrédinger equation
—AYpHo(x)p =By, xeRY d=23, (1)

where v(z) is a real-valued sufficiently regular function on R? with sufficient decay at
infinity.

Let us recall that the classical scattering eigenfunctions 1™ for (1) are specified by
the following asymptotics as || — oo:

- in T ellkllel 1
VT = e —ir/2me T f (k:, |k|—) —_—t o — ], d=2, (2)
[z ) /] vatd

| ikl !
Ut = e —om2f [k k)= ) S— o (=), d=3, (3)
| ) |z] ||

r € RY k€ RY k2 = E > 0, where a priori unknown function f(k,1), k,I € R¢,
k* = [* = E, arising in (2), (3), is the classical scattering amplitude for (1). In
addition, we consider the Faddeev eigenfunctions 1 for (1) specified by

Y =e* (14+0(1)) as |z| — oo, (4)

v e R ke Cl Imk #£0, k¥ =k} + ...+ k2 = E; see [6], [15], [9]. The Faddeev
generalized scattering data h arise in more precise version of the expansion (4) (see also
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formulae (10)-(15)). The Faddeev eigenfunctions have very rich analytical properties
and are quite important for inverse scattering (see, for example, [7], [13], [9]).

In the present article we consider equation (1), where v(z) is a finite sum of point
potentials in two or three dimensions (see [5], [1], [2] and references therein). We will
write these potentials as:

v(z) = Z@'WU - 2j), (5)

but the precise sense of these potentials will be specified below (see Section 3) and,
strictly speaking, d(z) is not the standard Dirac delta-function (in the physical litera-
ture the term renormalized J-function is used).

It is known that for these multipoint potentials the classical scattering eigenfunc-
tions " and the related scattering amplitude f can be naturally defined and can be
given by explicit formulae (see [1] and references therein). In addition, for single point
potentials explicit formulae for the Faddeev eigenfunctions ¢ and related generalized
scattering amplitude h were obtained in an old unpublished work by L.D. Faddeev for
d =3 and in [11] for d = 2.

In the present article we give explicit formulae for the Faddeev functions ¢ and h for
multipoint potentials in the general case for real energies in two and three dimensions
(see Theorem 3.1 from the Section 3). Let us point out that our formulae for ¢ and h
involve the values of the Faddeev Green function G for the Helmholtz equation, where

o 1 ikx eifx
G(:IZ‘, k) - _<27T>d e /mdfa (6)
R4
(A+E)G(x, k) =6(z), x€RY keC’ Imk#D0. (7)

In the present article we consider G(x, k) as some known special function.

In addition, basic formulae and equations of monochromatic inverse scattering (i.e.
inverse scattering at a fixed energy F), derived for sufficiently regular potentials v,
remain valid for the Faddeev functions ¥ and h of Theorem 3.1. Thus, basic formulae
and equations of monochromatic inverse scattering are illustrated by explicit examples
related to multipoint potentials. We think that the results of the present work can be
used, in particular, for testing different monochromatic inverse scattering algorithms
based on properties of the Faddeev functions ¢ and h (see |3] as a work in this direction).

It it interesting to note also that explicit formulae for v = ¢ (z, k) and h = h(k,1)
for multipoint potentials show new qualitative effects in comparison with the one-point
case. In particular, the Faddeev eigenfunctions ¢ = ¢ (x, k) for 2-point potentials in
3D may have singularities for real momenta k, in contrast with the one-point potentials
in 3D (see Statement 3.1).

Besides, functions ¢) and h of Theorem 3.1 for d = 2 illustrate a very rich family
of 2D potentials with spectral singularities in the complex domain (i.e. with singu-
larities for complex k, [). Let us recall that monochromatic 2D inverse scattering is
well-developed only under the assumption that such singularities are absent at fixed
energy (see [12]and [11] for additional discussion in this connection). We hope that the
aforementioned examples and quite different examples from [8], [18] and recent exam-
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78 Faddeev eigenfunctions for multipoint potentials

ples from [14] will help to find correct analytic formulation of monochromatic inverse
scattering in two dimensions in the presence of spectral singularities.

2 Some preliminaries

It is convenient to write ‘
b =evp (8)
where 1 solves (1), (4) and u solves
—Ap—2kVp+ov(x)p=0 keC% kK =E. (9)

In addition, to relate eigenfunctions and scattering data it is convenient to use the
following presentations, used, for example, in [17] for regular potentials:

e F(k, —¢€)
k)y=1- ¢, keR? 1
(= /§2+2 b onels kFERN, (10)
(k) =1 — / Z&H —6)_ge, keRN0, e 5t (11)
£2 4+ 2( k+20 7)E ’ ’
Q@H(k —f) d
=1 P St . L I
w(x, k) 21 okt d§, keC? Imk#0, (12)
Rd

where 1t = e** ™ are the eigenfunctions specified by (2), (3), ¥ = e¢*®u are the
eigenfunctions specified by (4), u,(z, k) = p(z, k +i07), k € R4\0.
The following formulae hold:

fk,))=F(k,k—1), k1R kK =1?=E>0, (13)
hy(k,0) = Hy(k,k—1), kJleR? kK =PF=E>0 vye&S" (14)
h(k,)) = H(k,k—1), k,1eC’ Imk=Iml#0, K¥*=017=E, (15)

where f is the classical scattering amplitude of (2), (3), h,, h are the Faddeev gener-
alized scattering data of [7].

We recall also that for regular real-valued potentials the following formulae hold
(at least outside of the singularities of the Faddeev functions in spectral parameter k):

%ka on / & H (k€0 (a, k + €)5(E + 2KE)de, (16)

0

87H(kp —277/53 (k, —&)H(k +&,p + £)3(&? + 2k€)dE, (17)

j=1,...,d, k& CH\R? x,peRd,

(. k) = 7 (2, k) + 2mi / ha (K, €)0((€ = k)7)o(&” = k)™ (2, €)d,  (18)

Rd
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o (k1) = f(k.1) + 2ri / b (k. O0((€ — K)S(E — I fEDde, (19)

R4

ve Sz kleRY, k2=
where 0(t) is the Dirac d-function, 0(t) is the Heaviside step function;

pw(z, k) — 1 for |k| = oo, x€R? (20)
1 )
H(k,p) — )i /v(:zc)e’p”"dw for |k| — oo, peR?, (21)
Rd

|k| = /| Re k|2 + | Im k|2,

see [7], [4], |[13] and references therein.
Let us define the following varieties:

Yp={kecC®: k*=E}, (22)

_ ) 9 p=0 for d=2,
QE,p—{kGZE. Qkp_p}a {pERB fOT dI?), (23)
Qp={k€Xp, peR’: 2kp=p}, (24)
Op=1{k,1cC’ Imk=Iml k*=1°=FE}. (25)

Note that in the present article we consider the Faddeev functions ¢, H, h and 1.,
H,, h., for multipoint potentials for fixed real energies F only, for simplicity. In this
connection we consider

Y on RYx (Xg\ReXg), H on Qp\ReQp, h on Op\ReOp,

w'Y(x7k)7 H’V(k7p>a h'y(k,l) fOI'
Y€ Sd_17 z, k>pal S Rd, p2 = Qkfp, ]{,’2 = l2 = E’ k”}/ = (.

In addition, we also consider the forms

d d
_ G, - 9 7
Opth) = Z ﬁw(x, k)dk;, O H = Z ﬁH(/ﬁp)d/‘%

7=1 J 7j=1 J

on the varieties X g, (g ,, respectively, where the 0/ 31@ derivatives of ¢, H are given
by (16), (17).
In addition, we recall that formulae (16)-(21) give a basis for monochromatic inverse

scattering (i.e. inverse scattering at a fixed energy F) for regular potentials in two and
three dimensions, see [4], [9], [10], [12], [13], [15], [16], [17].
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3 Main results

By analogy with [5] we understand the multipoint potentials v(z) from (5) as a limit
for N — +o00 of non-local potentials

Z &j(N)ujn ()ujn(2), (26)

where
(Vv p)( Z g;(N /uj N(@)uj (2 p(a")de!, (27)
R4

1 ' —i€z; < ]\f7
i [ (@0 (e = {g M

Rd

ujn(z) =

z,7',z; € RY 2, # z; for m # j, €;(N) are normalizing constant used below in the
formulation of Theorem 3.1 and specified by (40) for d = 3 and (41) for d = 2. It is

clear that
€] < N,

) 1

For v = Viy equation (9) has the following explicit Faddeev solutions:

1 T
(k) = 1+ g [ Ryees (29)

ZC] (k)tj,n (€)
fin(§, k) = ok

reRY EER ke Ch Imk # 0, where cn(k) = (c1n(k), ..., con(k)) is the solution
of the following linear equation:

(30)

AN(IC)CN(]{?) = bN, (31)

where Ay (k) is the n x n matrix and by is the n-component vector with the following

elements: ) ) . o (—€)i ()
ot 6) = B+ (V) g [ 2SR e 32
]Rd
bm,N = €m(N> (33)

In addition, equation (9) has the following classical scattering solutions:
ph(z, k) = pn(z, k+1i0k), »€RY ke RN, (34)

arising from

(€ k) = fin(€, k +i0k), € €RY ke RNO. (35)
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Let us consider the following Green functions for the operator A + 2ikV:
z&a:
k) R? ke C’ Imk#0
g(x, 27r /§2+2k£ , T € e C% Imk#0, (36)

eiﬁx
(27‘()de &2+ 2(k +1i0v)¢

gy (2, k) = — d¢, reR? ke RN, ve 59, (37)

ei{x
2m) | €420k + i0k)¢
R4

gt (z, k) = — d¢, reR? ke RNO. (38)

One can see that G(x,k) = e**g(z, k), where G(z,k) was defined by (6). Note also
that for d = 3 the Green function g™ (z, k) can be calculated explicitly:

1 e—ikacei|k|\x|

+ k) = ——
Theorem 3.1. Let d—2, 3,
a; N = ,
gj(N) = (1— 272) , o, €R, g=1,...,n, for d=3, (40)

-1
ei(N) = (1——1 (N)) L a;€R, j=1,...,n, for d=2,  (41)
Then:

1. The limiting eigenfunctions

Y(x, k) = e™” i pun(r, k), v €RY ke CN\RY, K*=EcR, (42
—+o00

are well-defined (at least outside the spectral singularities in k).

2. The following formulae hold:

Wz, k) = 1+ ¢j(k)gle —z,k)|, ke C\RY, K> =FE€cR, (43)

where c(k) = (c1(k),...,cu(k)) is the solution of the following linear equation:

Ak)e(k) = b(k), (44)

where A(k) is the n x n matriz, b(k) is the n-component vector with the following
elements for d = 3:

~ ]_7 =7
Am] - a -1 .

b (k) = (1 - —|Imk:|) : (46)

81
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and with the following elements for d = 2:

Aoty =14 1 m=d
I~ (1—%—’;(ln(]RekH—]Imk\))_lg(zm—zj,k;), m # j,

b (k) = (1 - 3‘—:(1n(| Re k| + |Imk|)>_1. (48)

In addition, for limiting values of ¥ the following formulae hold:

U (2, k) = (z, k +i0y) = ™ 1+ch -z, k)|, (49)

z € RY, keRd\O, ve Sl ky =0,

where cy(k) = (cy1(k), ..., cyn(k)) is the solution of the following linear equation:
Av(k)cv(k) = Bv(k)7 (50)

where ) 3 . 5
A (k) = A(k+10v), by(k) =b(k+i0v). (51)
. The Faddeev generalized scattering data for the limiting potential v = lim Vy,

N—4o00
associated with the limiting eigenfunctions ¥, 1., are given by:

o 2 e, 2
7T

kleC? Imk=Iml+#0, kz_ﬁ FE e R,

where c;(k) are the same as in (43), (44);

7 k—l Zj
ho(k, 1) = (QW)ch%j(k)e( ), (53)
k,1eRNO, K2=01P=E, veS¥! ky=0,

where ¢, j(k) are the same as in (49), (50).

. 1/2
Note that if [|b(k)|| = <Z;.L:1 |b(k)|2> = oo for some k in formulae (43)-(51) then

for such k& we understand (43)-(51) as (71), (73)-(75), (85), (87)-(89).

Remark 3.1. Let the assumptions of Theorem 3.1 be fulfilled. Then:

1. For the classical scattering eigenfunctions 1™ the following formulae hold:

(k) =

1+Zc;“(k)g+(x—zj,k) , (54)
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where ¢t (k) = (¢f (k),...,c (k) is the solution of the following linear equation:

AT (k)ct (k) = b (k), (55)

where At (k) is the n x n matriz, and b* (k) is the n-component vector with the
following elements for d = 3:

Ak :{ P | 56
7]( ) —Qy (1+4_7Trn|k|) g+(Zm_Zj7k)7 m#‘ﬂ ( )
~ o !
br(k)=a,, | 1+ —1k :
500 = (1+ 5210 (57

and with the following elements for d = 2:

~ 1 m =)
At (k) = - 58
s (F) { —ay (1+ 22 (7 — 21n |k])) 1g+(zm—zj,k), m # 7, (58)
7+ 79 . -1
b (k) = an (1 + 32 (xi—2In yk|)) : (59)
2. For the classical scattering amplitude f the following formula holds:
]' . i(k—1)z;
fk.1) = o > el (k)e't 0, (60)
j=1

kleRY kK =1?=FE€R,
where ¢ (k) are the same as in (54), (55).
In a slightly different form formulae (54) - (60) are contained in Section I11.1.5
and Chapter I1.4 of [1]. In addition, the classical scattering functions ¥+ and f
for d =3 are expressed in terms of elementary functions via (54)- (60).

Proposition 3.1. Formulae (16),(17) in terms of Oy, OpH, on Sg, Qg,, formulae
(18), (19) with kv = 0 and formula (20) for |Imk| — oo are fulfilled for functions
v =e*y b, Wt h, hy of Theorem 3.1, at least for x # z;, j=1,...,n.

Statement 3.1. Let d = 3, n = 2, E = E, > 0. Then for appropriate oy, oy €
R\O, 21,20 € R? there are real spectral singularities k = k' + i0y with ' € S?, k' €
R?, (K')? = Ep, K+ = 0, of the Faddeev functions ¥ = (x,k), h = h(k,l) of
Theorem 3.1.

Remark 3.2. In connection with Statement 3.1, note that for the case d =3, n =1,
studied in the old unpublished work of Faddeev, there are no real spectral singularities
of the Faddeev functions 1, h. In addition, in [11] it was shown that for the case d = 2,
n =1, a € R\0 the Faddeev functions always have some real spectral singularities (see
Statement 3.1 of [11] for details).
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Let us recall that dim¢Xg = 1, dimg Xg = 2 for d = 2, where g is defined
by (22). In addition, it is known that for a fixed real energy E = Ejg, the spectral
singularities of ¢ = ¥ (z, k) and H = H(k,p) on g\ Re X are zeroes of a real-valued
determinant function A = A(k) (modified Fredholm determinant for linear integral
equation for ¥ (-, k)) for real-valued potentials. Thus, one can expect that these spectral
singularities on X g, for generic real potentials are either empty or form a family of
curves I';, j = £1,£2,... &£ J for d = 2. The problem of studying the geometry of
these spectral singularities on X, was formulated already in [12]. In addition, it was
expected in [12] that the most natural configuration of curves is a “nest”

1
—_ 7+ P — PR P
[FJCFJ]_C CF1CS clyC CF]] (61)

see [12] for details.

Figures Figure 1-Figure 4 show these spectral singularities for 2-point potentials for
some interesting cases for d = 2. These figures show that the geometry of the singular
curves I'; may be different from the “nest”.

AVANANNAIA
NUANAARR

Figure 1 Figure 2
E=4, z—2z =(0.5,0), E =6, z—2z =(0.5,0),
@1:5, Oé2:6 Oé1:5, OéQZ6

o/\o Ofxo
Nln N WA Aln AN
U \Y v U UV "4 AV}
okjo OQK%O
Figure 3 Figure 4
E =5 2z —2z=(10,0), E =5 2z —2z=(10,0),
041:6, 062:6 041:6, 042:6.8

In Figures 1-4 the surface Ypfor d = 2 is shown as C\0 with the coordinate A,
where the parametrization of Xy is given by the formulae:

ke = (%JFA) \/TE ky = (i—x> “QE A € C\0. (62)
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The coordinate axes Im A = 0, Re A = 0 and the unit circle |A] = 1 in C are shown
in bold. This unit circle corresponds to X N R?, i.e. to real (physical) momenta
k = (ki,k2). The other black sets inside the rectangles in Figures 1-4 show singular
curves I';.

4 Sketch of proofs
To prove Theorem 3.1 we proceed from formulae (28)-(33). We rewrite (31) as

(I + A5 (k) By(k)) en(k) = Ay (K) by, (63)

where Ay (k) and By (k) are the diagonal and off-diagonal parts of Ay (k), respectively.
One can see that

_ 5m<N)
(AFH (k) by)m = S — (64)
L+ en(N) iy Jow 2 e
5 N dumN2 u]N df
(A ) B (b)) = (1 — 8y y) )t S ™ -

Tn, N (=) Bm,
1 + €m<N fRd N£2+2k§ N df

In addition, for N — +oc:

: / T ZE ) d§ = —g(zm — 2, k), j#m, for d=23, (66)
Rd

(2 €21 2ke
1 U, N (—&) U, N (€) O _
€m(N) (27T)d / 52 + 2]{}5 dé- — —1 — Z—Z_‘| Imk| fOI" d= 3, (67)
1 Uy N (—&) U, v (§) X —
5m<N)(2ﬂ_)d /d £2 4 2k¢ ds — 1—0‘2—*;(1n(|Rek|+]Imk]) for d=2, (68)

ke C\R? k*=F € R,

One can see that (66) follows from (36) and the definition of @; x in (28). In turn,
formulae (67), (68) follow from (40), (41), the definition of u;y and the following
asymptotic formulae for N — +oc:

9.2 —1 _
/ §2+2k‘§§ AN —27°|Im k| + O(N™") for d =3, (69)

E€RY, [¢|<N

1
/ mdf =27rIn N — 2rIn(|Re k| + |Imk|) + O(N™1) for d =2, (70)
R, [¢[<N
where k € C\RY, k2 = E € R.
Formulae (42)-(48) follow from (28)-(30), (63)-(68).

Formulae (49)-(51) follow from (43)-(48).
Formulae (52)-(53) follow from the relations ¢ = e, ¢, = ey, and formulae
(15),

(11), (12), (14), (15), (36),(37), (43), (49).
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This completes the sketch of proof of Theorem 3.1.

To prove Proposition 3.1 we rewrite (43)-(48), (52) in the following form:

G(a,k) = e* + > Ci(k)Glx — 2, k), (71)
j=1
jR— o
H - - ) —ikzj ipz;
() = Gz 2 Clbe 27, (72)
AC =B, (73)
A (k) = a' — (47)7 | Im k|, d=3,
A () = a,' — (27) ' In(|Re k| + | Im &), d=2, (74)
-Am,j(k) = _G(Zm_zjak)a m%ja
B (k) = e*am, (75)
where k € CI\R?, k2 = E € R, p € R?, p? = 2kp, G is defined by (6).

Here ‘
Cj(k) = e*ic;(k).

We recall the formulae (see [13])

9 ! k) [ =
anG(x,k) = @it /5]6 TOTS(E2 4 2kE)dE, j=1,....d. (76)
Rd

G(r,k+&) =G(x, k), for € €RY €24 2kE =0, (77)

where k € CH\R?,
We will use also the following formula:

5k,4m,m(k): / (Z@dk) (€2 +2k€)d¢ on Sp\ReXp, E€R. (78)

R4

The proof of the d-equation (16) for dyi(x, k) on Yp\ Re Xy can be sketched as
formulae (79)-(84) on X g\ Re X as follows.
We have

et (x, k) ZC Gz — 2z, k) + Z(ékcjw))@(x — 2, k). (79)

Using (72), (76) one can see that:

ancxk)(akG(x—zj, = —2r / (Zfsdkr) (k, =€) +975(¢? 4 2k€)de. (80)

RY s=1
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Taking into account (71), (72), (79), (80) one can see that to prove equation (16) it is
sufficient to verify the following d-equation:

OCrn (k) = —(2m)%~ 1/ (Zﬁﬂk) [Xn:cj(]g)ei(k+£)2jcj<k+£)

6(£24-2k€)de. (81)

In turn, (81) follows form the following formulae:

(3:C) A+ C (FuA) = 0, (82)
ékAmJ(k) = / (Z fsdk > i(k+€)zm —Z(k-i-f)zgé‘(SZ + Qkf)dg, (83)
(A8, A)s (k) = / (Z ., ) (k + ) t+955(¢> 1 2ke)de.  (84)

The 0-equation (17) for 9y H on Y5\ Re Xy follows from formula (12) and the 0-
equation (16) for 9y on L\ Re Xp.

To verify (18) with ky = 0 we rewrite (49)-(51), (53) and (54)-(60) in a similar way
with (71)-(75):

Uy (o k) = e* 43 C (k)G (x — 2, k), (85)
j=1
_ 1 - ) —ilz;

ha(k,) = o ; Crj(R)e™", (86)
A, C, =B, (87)

Afy,m m(k = OA;LI, d — 37
A mm (K o= (2m) " n(|k]), d=2, (88)

Awmd(k) - Gv(zm - Zj, k:), m # 7,
By m(k) = ™o, (89)

where y € S k1 € RNO, ky =0, G, (z,k) = G(z, k + i07);

V(e k) = ey CF(R)G (1 — 25, k), (90)

j=1

—llzj (91)

7 - d

At c+ - B+, (92)
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A (k) = o 4 i(4n) k|, d =3,
Al (k) = a, + (4r) Y (mwi —21In(|k])), d=2, (93)
A (k) = — G (zm — 2, k), m# J,

By (k) = ™, (94)

where k,l € RN0.
We recall the formula (see [7], [13]):

G, k) = G (o) + o [ e¥08(€ —Bp((E ~hp)ds,  (99)

(2m)
£€R?
where v € ST k€ RN\0.
We will use also the following formula:

21

Ao 8) = () = 55 [ 6162 = 0L, (96)

£€Rd

where v € S41, k€ RO, ky = 0.
One can see that for ¢, " of (85), (90) relation (18) with ky = 0 is reduced to
the following two relations:

ZC’YJ(k) (G’Y(x 2L k) - GJF(:C — Zjs k)) = (97)
— i /R o (k, ©)H(E — K)(E)de,

C, (k) = CF (k) + 2ri / o (k, €)5(6% — K2)B(E7)C(€)de, (98)

Rd
where v € S k€ RN\0O, ky = 0.
Relation (97) follows from (95) and (86). Relation (98) follows from the following
relations

(T + (A7) (A — AD)C, =CF, (99)
o+ o 2mi iE(m=25) 5 (¢2 _ J.2
(Ay (k) = A* (), (%)d&{d 5@~ R)p(E)de,  (100)
(A () (A, () = A (g =~y | G (€ = K)olen)as, - (100

£e€Rd
and formula (86) for h..
This completes the sketch of proof of the relation (18).
Relation (19) can be obtained using (10), (11), (13), (14), (18).
Formula (20) for | Im k| — oo can be obtained using (43)-(48).
Sketch of proof of Proposition 3.1 is completed.
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To prove Statement 3.1 we point out that spectral singularities of ¢, h on Xpg,
E € R, coincide with the zeroes of det A(k), where A(k) is defined by (74) (we can
always assume that all a,,, # 0). For d = 3, n = 2 we have that

det A(k) = {i_ |Imkq , { 1 |Imk|

o AT } — G(21 — 22, k) - G(22 — 21, k). (102)

Qo 4

We recall that G(z, k) is real-valued (see [13|) or, more precisely,

G(z, k) =G(x, k), keXg\ReXp, EeR. (103)
For k = k' 4+ 407" of Statement 3.1 formulae (102), (103) take the form:
1

058

det A(k}, + ZO’}/) = - G71(21 — 29, k’,) . G,YI(ZQ — Z1, ]C/) (104)
GV’ (JI, k)l) = G,y/(I, ]{J,) (105)

Therefore, for z;, z such that G (21 — 22,k") - G (22 — 2z1,k") # 0 one can always
choose ay, as € R such that det A(k" + i09") = 0.
Statement 3.1 is proved.
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