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Abstract We deal with linear operator integral equations (OIE) - of the first kind and
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the related kernels being piecewise continuous with linear closed operator values in X. The
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1 Introduction

This paper deals with the following two classes of operator equations in a Banach space
X:

a(t) t
/0 Kl(t,s)u(s)ds—i—/(t)KQ(t,s)u(s)ds:f(t), re0,T.,  (L1)

and

a(t)
Lo(t)u(t) + / [K10(t, s)u'(s) + K11(t, s)u(s)] ds
0
t
+/ [Kao(t, s)u'(s) + Ka1(t, s)u(s)]ds = f(t), tel0,T], (1.2)
a(t)
where « : [0, 7] — R is any function enjoying the properties
a € CY[0,T];R), «is increasing on [0, T], (1.3)
0<a()<t, tc(0,7], a(0)=0, 0<(0)<1. (1.4)
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Set
w1 {(t,s) eR*: 0<s<a(t)<t<T}, (1.5)
wo(T) ={(t,s) e R* : aft) < s <t <T}. (1.6)
Finally, the kernels Kj(¢,s) and K;.(t,s), j = 1,2 and k = 0,1, are linear operators
with domains contained in X for all (¢,s) € w;(T), while Ly(t) is a linear bounded
operator for all ¢ € [0, 7.
We shall consider the following two cases:

(C0) let Y and X be a pair of Banach spaces with Y — X and let K; and D,K;

belong to C(w;(T); L(Y; X)), j =1,2;

(C1) let Ly(t) be a family of (possible non-invertible) linear bounded operators in £(X)
defined on the interval [0, 7] such that Ly € C'([0,7]; £(X)). Let Ko, D:Kjq
and K1, DK belong, respectively, to C(w;(T); L(X)) and C(w,;(T); L(Y; X)).
Jj=1,2,let Ly(t) + Ka0(t,t) belong to L£(X) and be invertible in £(X) for all
t € 10,77 and ||[Lo(t) + Ka0(t, 1)) | 2(x) < p1, for some positive p.

In our applications Ky (t,t), and [Lo(t) + Kao(t, )] " [Ly(t) + K21 (t,t)], corresponding,
respectively, to the cases (C0) and (C1), will be uniformly invertible or uniformly
parabolic for all ¢ € [0,T].

First we notice that in case (C0) we have an actual operator equation of the first kind
with a (possibly) discontinuous operator kernel. We stress that pure integral equations
of the first kind, even in the scalar case, are ill-posed. Then we stress that in case
(C1) the operators K;(t,s, D) = Kao(t,s)Ds — K;1(t,s), j = 1,2, are of the first-
order in Dy, so that the principal operator in (1.2) is inside the latter integral, so that
also in the scalar case, when dealing with pure integral equations, we have a (singular)
equation of the third kind - which is known to be an ill-posed problem - with a (possibly)
discontinuous operator kernel.

Moreover, even after differentiation with respect to ¢ (cf. Section 2), operator Lo(t)u'(t)
needs not to be the principal part in the differentiated equation, since Lg(t) may be
not invertible for all ¢t € [0, T, while Lo(t) + K2 (t, t) is, according to assumption (C1).
Possible motivations for dealing with equations of this type are twofold: the first con-
sists in a natural generalization of the results proved in [4], [12]-[17], concerning the
pure integral case (C0), while the latter consists in interpreting the integro-differential
case (C1), i.e. equation (1.2), as the limit case of the equation

a(t)
eA(t, Dy)u(t) + Lo(t)u(t) + /0 [K10(t,s)u'(s) — K11(t, s)u(s)] ds

+/(t)[K270(t,3)u'(s) — Ky1(t, s)u(s)]ds = f(t), tel0,T], (1.7)

where A(t, D;) is a family of linear linear differential operators defined on the interval
[0, T] and taking their values in the space of linear closed, but discontinuous operators,
while € is a positive (small) parameter.
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59 Operator equations of the first kind ...

To our knowledge a complete study concerning the integral operator equation (1.1) of
the first kind with the approximating equation (1.7), (with A(¢, D;) = I) is carried
out in [1, Chapt. 5|. There the author deals with a general operator kernel K(,s)
acting in scales of Hilbert ({ H }s>0) or Banach ({X }s>0) spaces, but the aim consists in
establishing the uniqueness of the solution to (1.1)(with Lo(¢) = 0) and approximating
it - in suitable spaces - by the solutions of the family of equations

eve(t) + /OtK(t, s)v:(s)ds = f(t), tel0,T], e e R,.

We stress that the assumptions made in [1] to deduce the desired results are remarkably
different from ours, and, of course, no existence result can be found in [1, Chapt. 5].
Apart from this book !, we observe that there is not a widely developed theory, as far
as Banach spaces are concerned. Indeed, all the other results we have found [2, 5, 6,
8, 10, 11, 17] are related to specific integral or integro-differential equations, while the
monograph [3] is devoted to scalar Volterra integral equations of the first kind, only.
We give now the plan of the paper. Section 2 provides existence and uniqueness results
for the solution to problem (1.1) under assumptions (C0). Section 3 supplies auxiliary
results for problem (1.2) under assumptions (C1), while Section 4 provides existence
and uniqueness results for such a problem. Finally, Section 5 deals with a boundary
value problem for an elliptic integro-differential equation “of the first kind”. Then
an initial and boundary value problem is dealt with for a first-order in time integro-
differential equation “of the third kind”, or of degenerate type. In the latter case the
existence and uniqueness results are proved via Semigroup Theory. Finally, Section 6
(Appendix) supplies the outlines of the proof of Theorem 3.4 in Section 3.

2 The first abstract integral equation in the (CO0)-
case

Associated with function « : [0,7] — R enjoying the properties (1.3) and (1.4) we
consider the integral operator equation of the first kind (1.1) related to the pair of
Banach spaces Y and X, where the operator-valued functions K; : w;(T) — L(Y; X),
j = 1,2, and the right-hand side f enjoy the following properties:

K;, DiK; € O(w;(T); L(Y; X)), j=1,2, (2.1)

the pair (K, D,K;) can be continuously extended to w;(T), (cf. (1.5)), (1.6)) by a pair
still denoted by (K, D Kj), j = 1,2;

Ky(t,t) is invertible for any ¢ € [0, 7] and t — Ko(t,t)"" € C([0,T]; £L(X;Y)); (2.2)

fec(o,7);X), f()=0. (2.3)

The main result of this section is

lwhere also scalar cases can be found.
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Theorem 2.1. Under assumptions (C0), (2.1)-(2.3) and the following
o’(0)[|K5(0,0) ™ [K5(0,0) = K1(0,0)][lcrix) < 1 (2.4)

equation (1.1) admits a unique global solution v € C([0,T];L(Y;X)) continuously
depending on the data f € C*([0,T]; X).

First we need the following lemma.

Lemma 2.1. The linear mappings

a(t)
Ku(t) = /0 Ki(t s)u(s)ds,  te[0,T),
Kou(t) = /;)Kg(t,s)u(s)ds, t €[0,7],

map C([0,T];Y) into C([0,T]; X) and satisfy the estimates

1Kvulleqorix) < (T K olleGra.conxo lulleqomiy), (2.5)
ICaulloqo.mx) < max [t =« K20l cammy.covx 1wl eqomy)- (2.6)

Proof. For the sake of simplicity we limit ourselves to considering the case j = 2. Let
t1,t2 € (0,7] so that

0 < a(ty) < alts).

Consider then the following identity

to t1
Ky (to, s)u(s) ds — Ky (ty, s)u(s)ds

a(ta) a(t1)

a(tz)

:/tQKQ(tQ,s)u(s) ds+/1 [K270(t2,5)—szo(tl,S)]U(S)dS—/ Ky (ty, s)u(s)ds.

a(tz) a(t1)

Whence we easily imply that ICou is right—continuous at ¢;, since the segments (¢, s),
with s € [t1,t5] and s € [a(ts), t1] are contained in the compact set wy(T) where Ky
is continuous.

Interchanging the roles of ¢; and t, we show that ICou is also left—continuous for any
t; € (0,7]. Finally, the continuity of Kou at ¢t = 0 easily follows from the estimate

1wl < 1 Kallo@mycovxoplulcqomm [t = a@®)], t€ 0,7 (2.7)

From (2.7) we immediately derive the latter estimate in (2.6).
Proceeding similarly, we can prove the analogous property for ;. O

93



54 Operator equations of the first kind ...

Proof of Theorem 2.1. We now differentiate both sides of the integral equation (1.1).
We obtain the following equation, which is easily seen to be equivalent to (1.1) due to
the consistency conditions (2.3):

Ko(t, thu(t) — o () [Ka(t, at)) — Ky (¢, aft))]u(a(t))
+ /O‘(t) DKy (t, s)u(s)ds + /t DKy (t, s)u(s)ds = f'(t), te€]|0,T]. (2.8)
0 a(t)

Applying the operator Ky(t,t)~! (cf. (C0)) to both sides in (2.8), we easily get that u
solves the integro-functional equation

a(t)
u(t) = Ks(t)u(a(t)) + /0 Ky(t, s)u(s)ds

-|—/t K5(t, s)u(s)ds + fi(t), te€[0,T], (2.9)
a(t)

where the operators K3 € C([0,T]; L(Y)), K4 € C(w(T); L(Y; X)), K5 € C(wa(T);
L(Y; X)) and the function f; € C([0,T7]; X) are defined, respectively, by

K3(t) = o' (1) Ka(t, 1) " [Ko(t, a(t)) — Ki(t, a(t))],
K3+j(t, S) = KQ(t,t)_lDtKj(t7 8), j = 1, 2,
fit) = Ka(t, )7 f'(1).

We now first show that equation (2.9) can be solved locally in time. For this task we
observe that

K3(t) — o/(0)K5(0,0) 7 [K5(0,0) — K1(0,0)] in £(Y;X)ast—04. (2.10)

From assumption (2.4) we easily deduce the following estimate for any ¢ € [0, T]:

l

a(t)
< [\|K3(t)|!£(Y,X)+ | e s+ |
0

a(t)

a(t) t
Ki(t)u(a(t)) + Ky(t, s)u(s)ds + / K5(t, s)u(s)ds
0 a(t)

X

t

1555t 8) || cvx) d8]

X [[ulleqo.ryy-

Whence, for all 7 € (0,7, we conclude that

l

< [Kslleqorserxy + el Eallegmerx + TS lo@mierixy-

o(-) .
K3+/ K4(-,s)ds+/ Ks5(-,s)ds
0 o)

C([0,7];£(Y;X))
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Consequently, owing to the limit relation (2.10), equation (2.9) admits a unique solution
for any small enough 7. Then, taking advantage of property (1.4), 2 the same procedure
described in [4] allows to prove that equation (2.9) admits a unique global solution
ue C([0,T]; L(Y; X)) continuously depending on the datum f € C'([0,T]; X). O

3 The abstract integro-differential equation (1.2)
in the (C1)-case: auxiliary results

Before making our assumptions on the data necessary to solve a Cauchy problem related
to equation (1.2), we need to introduce some Hélder spaces.

For any pair of Banach spaces X; and X, we denote by C%°(w;(T); L(X1; X5)), (resp.
C%([0,T]; X)), 6 € (0,1), the vector space consisting of all functions K € C(w;(T);
L(X1; X)) (resp. f € C°([0,T); X)) such that

| Klovs ey = Sup__
(tl,sl),(tz,SQ)ij(T), S1#£82
-1
[[ta = ta] + |s2 — s1°] (1K (t2, 82) — K (t1, 1) 2(x1:x0) < +00, (3.1)
(flesomy = swp [t =t IS (1) = f(0)]| < +oo.) (3:2)

t1,t2€[0,T], t1#t2

We observe that C%(w;(T); £(X1; X)), (resp. C°([0,T]; X)) turns out to be a Banach
space when endowed with the norm

||K||CO’5(UJ]'(T);£(X1;X2)) = HK||C(WJ'(T);£(X1;X2)) + |K|CO’6(UJ]'(T);£(X1;X2))' (33)
(1 lescomx) = Iflleqoy + 1 losqomyx.) (3.4)

In this section we will assume that here the pair («, f) satisfies, the following properties
stricter than (1.3), (1.4) and (2.3):

a e C([0, T]; R), (3.5)
Be(0,1), a0)=0, 0<d(t)<1, tel0,T], (3.6)
fec ™80, 7); X), f(0)=0. (3.7)

Moreover, we assume that the sixtuplet (K, Ka, K11, K21, Lo, ug) satisfies, in addi-
tion to assumptions (C1), also the following ones for some ¢ € (0, 1):

Ko € CY(wy(T); L(Y; X)), j=1,2, (3.8)
t — Kyo(t,t) € C°([0,T); £L(X)), (3.9)
t— Ko (t,t) € C°([0,T]; L(Y; X)), (3.10)

2For a similar procedure see also Section 3.
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56 Operator equations of the first kind ...

o/ (0)[K20(0,0) — K1 ,0(0,0)] = O, (3.11)
Lo € C'™°([0,T]; £(X)), wuo € N(Lo(0))NY, (3.12)
F(0) + [Lo(0) + K2,0(0,0)]

x {Lg(o) + K.1(0,0) + o/ (0)[K20(0,0) — Ki 00, 0)]}u0

€ (Y;X) 500, (3.13)
(Y; X)p.0 denoting the intermediate space between Y and X of order § and index
p = +oo, (cf. [7, Chapt. 2]).

We will deal with the initial problem: look for a functionu € C1([0,T]; X)NC([0,T];Y)
satisfying

a(t)
Lo(tyu(t) + /0 Ky o(t, 8)/(s) + K1 (t, s)u(s)] ds

+ /(t) [Koo(t, s)u'(s) + Kai(t, s)u(s)|ds = f(t), te]0,T], (3.14)

u(0) = ug € N(Lo(0)) NY. (3.15)

We now explain why the initial datum ug has to be restricted to N(L(0)). This is
an immediate consequence of the fact that from equation (1.2) we deduce that the
necessary condition Lo(0)u(0) = f(0) = 0 (cf. (3.7)) must be fulfilled by the initial
datum u(0).

Finally, we observe that, if N(Ly(0)) = {0}, then uo = 0.

The main result of this section is

Theorem 3.1. Under assumptions (C1) and (3.5)-(3.13) problem (3.14), (5.15) ad-
mits a unique global solution v € C*([0,T]; X) N C([0,T);Y) continuously depending
on the data (f,ug) € C*([0,T]; X) x Y.

Proof of Theorem 3.1. Differentiating both sides of (3.14) with respect to ¢, we obtain
the first-order differential-functional equation

[Lo(t) + Koo (t, )]u/ (1) — o (0)[Kao(t, alt)) — Kot a(t))]u' (a(t))
+H[Lo(t) + Ko (£, 0)]u(t) — o' () [Kaa (t, a(t) — Kyt aft))]ula(t))

a(t)
o [ Dsoft 016) + D0 )

t

+ / (DyKaot, s)/(s) + Dion (£, s)u(s) ds = f(£), te[0.T).  (3.16)
a(t)

Introduce then the operators K3, K5 : [0, 7] — L(X), K4, K5 : [0,T] — L(Y;X),

Ksij:wi(T) = L(X), K7y wi(T) = L(Y; X), 7 = 1,2, and the function g : [0,7] —

Y defined by

K3(t) = [Lo(t) + Kao(t, )] [Kao(t, a(t) — Kio(t, a(t))], (3.17)
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Ky(t) = —[Lo(t) + Kao(t, )] Ly (t) + Kaa(t,1)], (3.18)
Ks(t) = [Lo(t) + Koo(t, 1)) ' [Kaa(t, at)) — Ki1(t, a(t))], (3.19)
K i(t,s) = [Lo(t) + Koot t)] DK o(t, s), j =1,2, (3.20)
Ko j(t,s) = [Lo(t) + Kao(t,t)] ' DiK;a(t,s), j=1,2, (3.21)
g(t) = [Lo(t) + Ko o(t, )] 7' f'(1). (3.22)

Applying the operator [Lo(t) + K20(t, )]~ to both sides of (3.16), we deduce that u
solves the following Cauchy problem, which is equivalent to (3.14), (3.15):

u'(t) — o' () Ks(t)u'(a(t)) — Ka(H)u(t) — o' () K5 (H)ula(t))

a(t)
+/0 [Ke(t, s)u'(s) + Ks(t, s)u(s)] ds

—l—/ [K7(t, s)u'(s) + Ko(t, s)u(s)]ds = g(t), t€[0,T],
a(t)

We stress that, to uniquely solve the first-order in time equation (3.23) we do need
an initial condition like (3.24). Moreover, if we did not prescribe any condition to
equation (3.14), (3.23) would admit infinitely many solutions depending on a vector
c € N(Lo(0)).

Theorem 3.2. For any h € CP([0,T]; X), B € (0,9), the functional equation

C(t) = o' () Ks(t)¢(alt)) = h(t), te[0,T], (3.24)
admits a unique solution ¢ € CP([0,T]; X), with ((0) = h(0), represented by
C(t) = h(0) + h(t) + (Zh)(a(t)), te[0,T], (3.25)
where
R(t) = h(t) — [I — /() K3(8)]h(0), t€[0,T]. (3.26)

Moreover, there exists 7o € (0,T] such that Z satisfies the estimate

Jl(Kg T)
Z , < o7 2
121l ecoo.rsec0om < 77 AT (0, 7], (3.27)

where Jy(K3,7), 7 € (0,70), is defined by
Ji(K3,7) := max {||a/K3||c<[o,T];c(x>)|O/|ga<[o,ﬂm’ 7|0/ |0 o,y 1 K3l o o,71:200))

+ ||O/”C([07T];R)|K3’05([0,T];£(X))} < L. (3.28)
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58 Operator equations of the first kind ...

Finally, the restriction of Z to [0, 7o) is defined by

400 n—1

(Zh)(t) =) [H (' o o) () K3(a? ()| h(a™ (1)), te€[0,7], (3.29)

n=1 5=0
where o denotes composition and of = (ao)’ Lo, j € N\{0}, a°(t) = t.

Proof. First we observe that, according to our assumption on «/, there exists a 7 €
(0, T satistying the following inequalities for all 7 € (0, 7] (cf. (1.4)):

0<d(r) <1, (3.30)
o Kslleortsc ol 16 o, < o' Kslleqorecn < 1, (3.31)
1o |es omm) | Kslloqoriexy + 10 leqorim  Kslesqomecx) < 1. (3.32)

First we want now to prove that the linear operator
MQ(t) = o/ (1) K3(t)¢((t), t€[0,T], (3.33)
maps C([0,7]; X) into itself and satisfies, for ¢ € C([0, 7]; X),
M)l < lo'KslleqomeconllSlleqomx), ¢ € [0,m].

Consequently, since ||o/ K3||c(jo,7:c(x)) < 1 according to assumption (3.31), equation
(3.25) admits a unique solution ¢; = (I — M)~'h in C([0, 7]; X) represented by (3.26).
Hence, according to Neumann’s theorem I — M is invertible from C(]0, 7];

L(X)) into itself. Moreover,

1(Zh) ()|l cxy = (T = M)~ = Ih()] cix) = [(1 = M)~ MA(t)] 2x)

—+o00 +oo
< HhHC([Qt];X)Z I MI2x) < I1Plloqo.n:x) Z [ K3|&0,71.2(x))
n=1 n=1

o' K3l c(o,:2(x))

= \2llcgon.x), te€]0,7].
1 — |lo/ K3lleqo,m:c(x)) (0120

To show that such our local solution ¢ can be extended to a global one, introduce, as
in [4], the finite sequence of positive real points defined by

Tj+1 :Oéil(Tj), j = 1,...,n, (Tn §T<Tn+1). (334)

We proceed by recurrence and assume to have shown that equation (3.25) admits a
solution (; defined on the interval [7;, 7;41] for some j € N, with 7, = 0.
Consider then the following function (1 defined by

Gira(t) = o' () K3(t)Gi(a(t)) + h(t), € [15, Tl

So, we conclude that equation (4.30) admits a unique global solution (11 € C([7j, 7j11];Y)
such that (;41(7;) = (;(7;). Consequently, the function

g(t) = C](t), t e [Tj—laTj]a j = 1, oy, (335)
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solves the equation (3.25) in the interval [0,7]. Moreover, the functions (; satisfy the
recurrence estimates for 7 =0,...,n — 1:

C+1llen ) < N Ksllogr e 16 e —mix)
+ ||h||c([TJ7Tj+1]§X)' (3'36)

Since ||¢1lleqo.x) < [1 - ||a’K3||C([07T};£(X))}_1, from (3.37), we deduce the estimate

IS+ letr, i < [1 = o' Ksllogorsecx] H lo" Ksllon e
=0

+Z\|h\|0[n rigal; H &/ Ksl| oy mpn)icxyy, 3=0,...,m—1,
k i+1

where [[;_;,,---=1,7=0,...,n— L
We have so proved that ( satisfies the estimate

I¢lleqorx) < Jo(a’ K3)||[hllego,rx),

for some positive constant J,(o/ K3) depending on the norm ||/ Ks||c(jo,7;2(x)), only.
Then we want to prove that M maps C?([0,T]; X) into itself. For this task we need
the following estimates for all t1,%o € [0, 7], t; <ty and 7 € (0,77, (cf. (C1)):

|0 (t2) — ' (t1)] < || ootz — 1], (3.37)
1€ 0 a(tz) = Coalty)]| < [¢les o |alts) — altr)]’

< Cles g le 1 g otz — 1l (3.38)
[ Kjo(t2, aulta)) — Kjolty, )l ecx)
< Kol ersqoaccoy Itz — ] + lalta) — a(t)|’]
< 1K ollersqogseconlts — bl Itz — ' + 1 130, ]
<K ollersqogeconlts — a2 70 + 1/ 1Gqoay] . 7=1.2, (3.39)

I[Lo(t2) + Kag(ta, t2)] ™ — [Lo(t1) + Koo(ts, t1)] ™ | 2(x)
< || Lo(t2) — Lo(t1) + Kop(ta, ta) — Kapo(ta, t1) 2(x)

X H I[Zo(t;) + Kaolts, ;)] ex)
< M12|’52 — t1]° [T | Lollor oyse ) + || Ko, ollcso.rcx)]
< piPty — P77 [71_6HLOHOl([mT];L(x)) + HKZOHC‘s([O,T];[Z(X))}? (3.40)

where [?270(75) = KQ,O(t,t), t e [O, T]
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Consequently, from (3.41) and definition (3.17) we deduce the following estimate
for all pair t1,t, € [0, 7]:

| K3(t2) — Ks(t1) | zx) < |t2 — t1|’5757’8J2(K1,0, Ky, Lo, T), (3-41)

Jo being a functional continuous depending on 7" and the norms

||Kj,0||cl,s(m;£(x)), J=1,2, and ||L0||01([0,T];L(X))-

Assume now h(0) = 0, so that ((0) = h(0) = 0. Hence, from definition (3.34) we easily
deduce the following estimates, holding for all ¢ € [0, 7]

| M| cao,:20x)) < Il Kslleqomccxn|€ o alesonx)

+ |a'K3|cﬁ([o,t};c(X))||C||C([0,t];x) < ||04/K3||C([0,T};£(X))|O/|g([o,T];R)|C|C‘*([0,t];X)
+I¢llemnx) [\O/|Cﬂ([o,T];R>HKSHO([O,T];c(X)) + Ho/Hcao,ﬂ;R)!stc%f([o,ﬂ;c(xn}
< lla' Kslloo ool 1o [ lesqoax) + 1 1¢les (o)

x [Va'|0f3<[o,T1;R>HK3HC<[O,T1¢:(X>> + Ha'cho,T];R)\Ks\Cﬁ([o,T];c<X))]- (3.42)

Finally, setting ¢ € [0, 7], from (3.42) and (3.43) we deduce the following estimate for
M:

1M Cllcsorpecx < I€llosom:x) maX{”a,K3||C([O,T];L(X))|O/|€‘B([0’7—];R)a

TB|O/|CB([0,T};R)HK3||C([0,T];£(X)) + HO/HC([QT};R)|K3|CB([0,T];L(X))}
= |[Clles o) (K3, 1),  t€[0,7]. (3.43)

Observe now that, according to inequalities (3.31) and (3.33), for any 7 € (0, 75| we have
J1(K3,7) < 1. Consequently, the linear operator I — M maps continuously C?([0, 7]; X)
into itself and is invertible in C?([0, 7]; £(X)) for all T € [0, 79]. Moreover the following
estimate holds true for all 7 € [0, 7p]:

1Z]| ccmomccxy = 1T — M) = Il om0,
S Jl(K3,’T) [1 — J1<K3, 7')} 71.

Consequently, the linear operator I — M maps continuously C#([0, 7]; X) into itself and
is invertible in C?([0,7]; £(X)) for any 7 € (0,79]. Therefore ¢; € C?([0,7]; X) and
satisfies the estimate

—1
¢l et (prompxy < [1— J1(K3, T)] .

Reasoning as in the first part of this proof we conclude that each function (;, j =
1,...,n, defined above belongs to C?([7;, 7j;1]; X) and satisfies the equality (;;1(7;) =
(j(7;) as well as the following recurrence estimates for j =1,...,n — 1:

||Cj+1||cﬁ([rj,rj+1};X) < ||0/K3||cﬁ([Tj,Tj+1];c(X))||Cj||Cﬁ([fj,1,rj};X)
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+ ||h||05([Tj,Tj+1]§X)'

Since ||C1lles(o,7:x) < J1(K3, 7), from (3.37), we deduce the estimate

IG+1los iy i) < (K, 7 HHaKgnca (I £X)

=0

+Z|’h|lcﬁ (i) H o' Ksllcs(memesasiecoy,  J=1,-..,n—1.
k=i+1

We have so proved, when h(0) = 0, that ¢ defined by (3.36) satisfies the estimate

Il esqorx) < Ja(a’, Ks, T, 1) || Rl co oy x)
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for some positive constant Js3(o/, K3, T, 7) depending on (7', 7) and the norms ||| 5 j0,17),

1531l e 10,77:2(x))» only-
We now consider the case h(0) # 0. Introducing the function

It immediate to check that z solves the problem
2(t) — /() K5()z(at)) = h(t), te[0,T],

Whereﬁ is defined by (3.27).
Since h(0) = 0 (cf. (3.11)), we conclude that z belongs to C?([0,7T] : X) and satisfies
the estimate

2]l o) < Ja(es K, T, 7) |l s o,
Moreover, z admits the representation
2(t) = (I — M)7h(t) = h(t) + Z(h)(t), t€[0,T).

This concludes the proof. O

4 Solving the abstract integro-differential Cauchy
problem (3.23), (3.24)

First we set
h(t) = g(t) + Ka(t)u(t) + Liu(a(t)) — Lou(t) — Lsu(t), t€[0,T], (4.1)
where, for all ¢ € [0, T], we have set

Ly(t) = o/ (1) K5(1), (4.2)

a(t)
Lou(t) /0 [Ko(t,s)u/(s) + Ks(t, s)u(s)] ds, (4.3)
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Lau(t) = /(t) [K7(t,s)u/(s) + Ko(t, s)u(s)] ds. (4.4)

We can now rewrite problem (3.23), (3.24) in the form

u'(t) — o () Ks(t)u/ (aft)) = h(t), te[0,T], (4.5)
u(0) = ug € N(Ly(0)) N, (4.6)

Observe now that
h(0) = g(0) + K4(0)ug + o/ (0)K5(0)uo, (4.7)
Define then
h(t) = o/ (8) Ks(t)h(0) + h(t) — h(0) = o/ (£) K3 (1)1 (0) + g(t) — 9(0)
+ Ky (8)[u(t) — w(0)] + L[u(a(t)) — w(0)] — Lyu(t) — Lgu(t), (4.8)

for any ¢ € [0,T]. From (4.5), (4.7), (4.8) we deduce that u solves the Cauchy problem

+ )

+ (I = M) (Li((wo a) —u(0)))(t) — (I = M)~ (Lau)(t)

— (I — M)} (Lsu)(t), tel0,T], (4.9)
u(0) = up € N(Lo(0)) NY. (4.10)

Setting ¢ = 0 in equation (4.5) and using the latter condition in (3.11), we easily
compute

u'(0) = h(0). (4.11)

Introduce now the new unknown defined by
v(t) =u(t) —up, t€[0,7] = v(0)=0, v'(0) = h(0). (4.12)
Therefore, owing to Theorem 3.2 and the representation formula (3.26), via the identity

(I — M) Y (Kq)(t) = (Kyv)(t) + Z(K4)(a(t)), problem (4.5), (4.6) is equivalent to
the following

V(t) = Ka(t)o(t) = g(t) + Z(Kav)(a(t)) + (I = M) (Li(v 0 ))(t)
— (I = M) (Lyw)(t) — (I — M)~ (Lsv)(t), te€[0,T], (4.13)
v(0) = 0. (4.14)

The family of operators { K4(t) }icjo,r] is assumed to satisfy the following assumptions:
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(H1) the domain of K4(t) is independent of ¢ € [0,T7], its spectrum contains the set
Y5 U{0}, where

Yo ={NeC:larg)| < ¢}, ¢ € (7/2,m); (4.15)

(H2) the following inequalities holds true:
1A = K@) oo < clA™h Ae Xy, telo,T), (4.16)
K4 (t) Ky(0) ™ — Ky(#)K4(0) Mooy < olta — 1|, 0<ty <ty <T.(4.17)

for some positive constants ¢y and co,

In particular, from (4.17) it follows that K, (¢)K4(0)™" is uniformly bounded in £(X)
with respect to t € [0, 7] as well as

I[Ka(te) — Ka(t)] Ka(t) Moo S ealta —ta]?, 0< 8 <t < T,

for some positive constants ¢y (cf. formula (5.5) in [8]).
Then the following estimates hold true:

tK4(s

€4 | oy S cre™ < ey, (| gy S o™, st €[0T,

for some constants cg and c¢;.
We have set here

§(t) = (I — M)~ (o' Ksh(0)) (1) + (I — M)~ (g — g(0))(t)
— (I = M) (Ly(uo, h(0))(t) — (I — M) (Ls(uo, (0)) (1), t € [0,T], (4.18)

Ly(ug, h(0))(t) = /a(t) [Ks(t, s)h(0) + Ks(t, s)uo| ds, t € [0,T], (4.19)
Ls(ug, h(0))(t) = /;) [K7(t, s)h(0) + Ko(t, s)uo| ds, ¢ € [0,T). (4.20)

Observe now that from our latter assumption in (3.11), the formula [(I—M)~](0) =
if 1(0) = 0, and definitions (4.18)-(4.20), we get

Y

3(0) = 0.

4.1 Showing that g € C*([0,T]; X)
Then we need to estimate Lju, j = 1,...,5. For this task we need the following lemma.

Lemma 4.1. Let H; € CP%(w;(T); L(X1; X)), 7 = 1,2, X1 and X, being two Banach
spaces. Then the linear operators

L6f / H1 t S ) L7f / H2 t S d 5 t e [O,T], (421)



64 Operator equations of the first kind ...

map C([0,T]; X1) continuously into C*([0,T]; Xo) and satisfy the estimates
[ L5t fllesqorxy < Jai(Hy, 7, Xo; Xo) || flleqorxy, 7€ (0,T], j=1,2,

where

Jo(Hy, 1, X5 Xo) = (7'1_5 + 1)l loqo,mm) | Hnll oo (@ (1);£(X15X2))

J5(H27T, Xl;Xg {7-1 5(1 -+ Ha ||C ([0,77; R)) —+ s[up [t — Oé(t)]}

0,7]
X HH2HCM w; (1);£(X15X2))"
Proof. We limit ourselves with dealing with operator L7, since the result for Lg can be
derived analogously.

Let (t1,t2) be a pair such that 0 < t; < ty < T. It suffices to consider the two cases
a(ty) < t; and t; < a(ty) and to notice that the following formulae hold

Lof(ts) — Lof(t) = /ttQ Ho(t, s) f(s) ds

t1 a(t2)
+/ [HQ(tQ, 8) - Hg(th S)]f(S) ds — / HQ(tl, S)f(S) dS, if Oé(tg) S t1(§ tQ),
atz) a(ty)
(4.22)
Lyf(t2) — Laf(t1) = / 2 Hy(ta, s) f(s) ds
t1 a(t2)
+/ [Hg(tg, S) — Hg(tl, S)]f(S) ds — / Hg(tg, S)f(S) dS, if tl < O[(tg)(g tg)
a(ty) a(ty)
(4.23)
The assertion easily follows from formulae (4.21), (4.22), (4.23). O

Corollary 4.1. The linear operators Lg and Ly defined by (4.19) and (4.20) satisfy
the following estimates:

| L (1o, R(0)) || co(o,71:) < Ja(Ke, 7, X, X)||M(0)|| + Jo(Kg, 7, Y, X)||uolly,
||L7(u07h(o))Hcﬁ([O,ﬂ;X) S JS(K777—7 X7 X)Hh(O)H + J5(K9,T,}/,X)||UQHY.

Proof. It immediately follows from Lemma 4.1. m

By virtue of Theorem 3.2 and recalling that o/(0)K3(0)h(0) = 0 (cf. (3.11)), even
though h(0) # 0, we can now estimate g in C#([0, T]; X) (cf. (4.18));

IFlc00:x) < [1 = Ji(Ks, 7)) {0’ Kallos ooy IHO)] + g = 9(O)les o
2
+ 3 oKy, 7 X, XOBON + Jo Ky, 7. Y. ) ol .
Jj=1

where

Jo(K, 7, X1, Xo) = Jy(K, 1, X7, Xo) + J5(K, 7, X1, Xo).
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4.2 Solving the Cauchy problem

By virtue of theorem 6.1.3 in [7] we deduce that the solution w to problem (4.13),
(4.14), with Z = Ly = Ly = L3 = O, belongs to

Z0(r) = C"F([0,7); X) N CP([0,7];Y), 7€ (0,T],
and satisfies the estimate
|wl zsy < C(D9)lceo:x), T € (0,T],

the positive constant C'(T") being independent of 7 € (0, 7.
Then we notice that problem (4.13), (4.14) is equivalent to the integral equation

v(t) = w(t) +/0 G(t,s)Z(Ky(voa))(s)ds+ /0 G(t,s)(I — M) Y Ly(voa))(s)ds

+/0 G(t,s)(I — M) *(Lyv)(s) ds+/0 G(t,s)(I — M) (Lzv)(s)ds, (4.24)

for any ¢t € [0,7T], where G denotes the evolution operator associated with the family
of operators {K4(t)}ieo,) (cf. corollary 6.1.8 in [7]) and

t
w(t) = / G(t, s)(I — M)"Y§(s)ds, t€[0,T].
0
We recall that the kernel G satisfies the estimates
IG(t,9)]lccx) < Co. [|IDiG(E, )|l oixy + 1K2()G(E, 8) |l ex) < Colt —s) 7,

for any 0 < s < t < T and some positive constant Cy independent of (¢, s) € wy(T) U
wa(T).

Finally, observe that, owing to definition (3.18), properties (3.9), (3.12), and inequality
(3.41), it is not difficult to show that K, belongs to C*([0,T]; L(Y; X)). More precisely,
setting IN(QJ(t) = Ky ;(t,t),t €[0,7] and j = 0,1, we have

1K allosqomyeorxy < 1o+ Kool losqomecx)

x [ Lollcsom.corxy + 1 K2llesqorsexy -
Then we need the following theorem.

Theorem 4.1. The linear operator
t
01(t)= [ Gt.9)f(s)ds. ten.T) (4.25)
0

maps C5([0,7]; X) = {f € C?([0,7]; X) : f(0) = 0} continuously into Z°(r) for all
B €(0,1) and T € (0,T], and satisfies the estimate

1Gfllzs) < CB, D fllesoxy, 7€ (0,77, (4.26)
for some positive constant C'(B,T) independent of T € (0,T].
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For reader’s convenience a sketch of the proof will be given in Appendix.

To show that equation (4.24) is solvable in Z7(7) for small enough 7 it suffices to apply
the contraction mapping principle. For this purpose we observe that from (3.44), (4.26)
and Corollary 4.2, for 7 satisfying (3.29), we easily deduce the following estimates (cf.
(4.3), (4.4)):

IG(I = M) Liyjollzo(ry) < CB, T = M) Lagjollcso.r:x)
< Ji(Ks, )| Ligjolloqorx < A(Ks 7)o (Mvllzo@e-iiry, 5=1,2, (4.27)
where
Jr (1) = J1(Ks, 1) [Ja(Ks, 7, X, X)|R(0) || + Ja(Ks, 7, Y, X) |||y ],
Js(1) = (K, 7) [T (K, 7, X, X)|[RO0) || + J5 (Ko, 7, Y, X)[Juolly ]
while from Theorems 3.1 and definition (3.19) we get
(B8, (I = M)™ Li(v o @)l cso.71:x)
< C(B,T) (], 7)o K5 (v 0 @) | os 0,7:2(x)

<C(B,T)J(K3,7) [HOé'Kch@([o,T];z:(x» 1l o,a0m:%)

IG(I = M) Li(vo a)llzs(r) < C(B

+ Ho/KsHC([o,ﬂ;ﬁ(X))Ha'”éqo,a(ﬂ];na)!UICB({o,am};X)]
< C(8,T) (K, m) max {[|o' Kslos jo,m:.0x)) + |0/ Kslloqo,m:200))
X ||a/||g([o7a(7)];u§)}||U||Cﬁ([0,a(r)];X)-
Moreover, since ||&||c(o,-;r) < 1 (cf (3.11)), we deduce
IG[Z(Ka(v) 0 all|zsz) < C(B, T)| Z(Ka(v) 0 al| s (go.7:x)
< C(B,T) [1Z(Ks0)loo.arnx) + 12Kl esqo.amnxo o 1 omm)

Ji(K3,7) (7))
1= Jy(Ka. 1) (a(r)) | K40 8 0,a()]:x)

< OB, DI Z(Kaw)lcooamyx) < CB,T)

Ji(Ks, 7)(a(r
S C(ﬁv T) 1 . 51(K3,)£)((a23_)) ‘|UHZB([076Y(T)]§X)'

We choose now 7 € (0, 79| so as to satisfy the inequality

J1(K3,7)(a(1))
1 — Ji(K3,7)(a(T))

We now observe that, according to (3.11),
lim Ji(Ks,7)(a(r)) = o/ (0) ) K3(0) ] cx) = 0. (4.29)

T—0+

C(5,T)

= J(Ks,7)(a(r) < [1+CB,T)] . (4.28)
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Consequently, inequality (4.28) is solvable.
Finally, from (4.27)-(4.28) we can conclude that there exists 7, € (0,7 such that the
operator

[~ GIZ(Ky(- o))+ (I — M) ™MLy + Ly + Ls)]

is invertible from Z#([0, 7]; X) into itself for any 7 € (0, 7], since, owing to the previous
estimate (4.29), its norm tends to 0 as 7 — 0+. Consequently, we easily deduce that
equation (4.24) admits a unique solution v € Z°([0,7]; X) for any 7 € (0,7]. Such
a solution continuously depends on w with respect to the metrics of the same space.
Indeed, it satisfies the following estimate

vl 26y < CD){Iluolly + 1 oo o) + 1H (o, Hllvix)pm }» T € (0,71,
where
H(uo, f) = [Lo(0) + K2,0(0,0)] 7 {L(0) + K21(0,0) + o’ (0)[K2,(0,0) — Ki,0(0,0)] }uo
+ 1'(0),

which shows how the solution v depends on the data (ug, f).
To show that such our local solution can be extended to a global one, introduce, as in
(3.35), the finite sequence of positive real points defined by

Tj+1 :Oéil(Tj% j: 1,...,717 (Tn§T<Tn+1).

We proceed by recurrence and assume to have shown that equation (4.24) admits a
solution v; defined in the interval [0, 7;]. Consider then the following function (;i; in
the interval [7;, 7;41]:

Galt) = wiln) +/‘ o/ (5)G(t, 5)[Ka(s, als))vj(a(s)) + Ka(s, als))vs(a(s))] ds
/ / [DiKs(s,0)v(0) + D Ky(s, 0)v(0)] do

/ / DuKo(s,0)C,o1(0) + DiKa(5,0)¢jn(0)] do

+9(t). (4.30)

According to our assumptions (3.5)-(3.12) we conclude that equation (4.30) admits a
unique global solution (41 € C([7j, Tj+1];Y") such that (;41(7;) = ;(7;). Consequently,

the function
Uj(ﬂ? te [077_]']7
v (t) =

Gir1(t),  te[ry, Tl

solves problem (4.24) in the interval [0, 7;44] for any j € {1,...,n}. Hence v, is our
global solution in [0, T] satisfying the estimate

[vllz8¢ry < CT){Nlwolly + 1L lesom1x) + 1 (wo, )l vix)pm }- B
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5 Some applications to integro-differential problems

The elliptic problem. Consider the integro-differential boundary value problem

a(t) n
| {3 Dalallts oD uts. o) + alfie, s, opuls ) s
0

ij=1

t n
+ / { =3 Dulal)(t5,2) Dy us, )] + afi(t. s, x)uls, @) bds = f(t,2),
a(t)

ij=1
(t,z) € [0,T] xQ, (5.1)
u(t,z) =0, (t,z)€0,T]x 08, (5.2)
where function « belongs to C*([0,T],R) and enjoys the properties (1.3), (1.4).
Further assume (cf. (1.4), (1.5))
Z afj)(t,t,x)fifj > ulé]?, tel0,T], z€Q, £ €R™ for some p > 0, (5.3)
ij=1
aly(t,t,x) >0, (t,x) € [0,T] x Q, (5.4)
" e CHwp(T); WH(Q)), i,j=1 ") e CYwy(T); L=(Q)), k=1,2
az,j < (wk( )7 ( ))7 [2W] RN (T a0,0 S (WQ( )7 ( ))’ )’ <
(5.5)
Dyl € Clwp(T); Wh=(Q)), ij=1,...,n, k=12 (5.6)
Then we assume that either of the following conditions holds true:
o/ (0) =0, (5.7)

or there exists a \ € [0,2] such that
ag}j)(O, 0,z) = /\ag?((}, 0,z), a[()}())(O, 0,2) = )\aé?())((), 0,z), 4,j=1,...,n. (5.8)
Finally, assume
f e (0. T} L%(Q),  f(0,-) =0. (5.9)

Theorem 5.1. Under assumptions (5.3)-(5.9) the integro-differential problem (5.1)
admits a unique solution v € C([0,T]; H} () N H*(Q)) continuously depending on the
datum f.

Proof. Set

Kj(t,s) ==Y Dylal)(t,s,2)D, ]+ af)(t,s,x), j=1.2
ij=1
Observe that (¢,s) — K;(t,s) € C(w;(T); L(Y, X)) where Y = HJ(Q) N H*(Q) and
X = L?(Q). Moreover, from well-known regularity results for elliptic boundary value
problems (cf. [9, Chapt. 4]), we deduce that Ks(¢,t) is invertible for any ¢ € [0, 7] and

| Ka(t,t) Hexay < C, t€[0,T).
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Consequently
t— Ko(t,t)™t € O([0, T); L(L*(2); Hy () N H?())).
Indeed, for all ¢,ty € [0,7] we have
[ Ko(t, 1)~ — Ka(to, to) " leexy)
= || Ka(to, to) M [Ka(t, t) — Ka(to, to) | Ko (L, 1) 2ixov)
< [EKa(to, to) " Hleaen 1528 6) 7l coon (152 (8 ) — Ka(to, to)l| evix).

Finally, note that D,K; € C(w;(T); L(H*(Q2) N H}(Q); L*(Q))), j = 1,2, according to
assumption (5.6). Moreover, condition (2.4) is trivially satisfied if o/(0) = 0, while
under (5.8) we get

152(0,0) 7 [K5(0,0) — K1(0,0)][l civx) =[1K2(0,0)7H (1 = M) K2(0,0) | 2v;x)
<|1-A<1.

Since 0 < o/(0) < 1, condition (2.4) is satisfied also in this case.
This concludes the proof. n

The parabolic problem. Set ag(t) =0, ay(t) = a(t), as(t) =t, t € [0,T].
Consider the integro-differential initial and boundary value problem

d
lo(t, z)u(t, x) —i—Z/ { (t,s,x)Dsu(s,x) — Z i(t,8,2) Dy, Dy u(s, )
ap—1(t

M&

ap 0,8, 2) Dy u(s, x) — a&o(t,s,x)u(s,x)}ds = f(t, z),

i (t,z) € [0,T] x €, (5.10)
uw(0,z) = up(x), =€, (5.11)
B(z, Dy)u(t,z) =0, (t,z) € [0,T] x 0. (5.12)

We make the following assumptions for some § € (0,1) and some positive constants pi;
and po:

P e 0w (T);R), h=1,2, (5.13)
by € C0w,(T);R), m(Q) >0, Q={reQ:0,z)=0}, (5.14)
o(t, ) + p*(t, t,2)| > 1, t€[0,T)], x €K, (5.15)
ag g, af;, al's, Dealy, Deagy 5, Dyal; € C¥%wy(T); R),

i,j=1,...,d, h=1,2, (5.16)

n

[go(twr) + pQ(t,t, "L‘)]_l Z aij(t,t, l‘)ngj Z ﬂ2’§|2’

ij=1

69
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(t,z,€) € [0,T] x Q x R". (5.17)

As far as the linear differential operator B(x, D,) = Zj\;l d;(y) Dy, +do(y) = 0, of order
not exceeding 1 and standing for Dirichlet or Neumann or Robin boundary conditions,
is concerned, we assume that, when B(z, D,) # I, the coefficients d; € C*(Q), j =
0,..., N, satisfy the uniform non-tangentiality condition ]Zj.vzo vi(y)di(y)| > ps >0
for all y € 092 and some positive constant ps (cf. [7, Chapter 3]), v standing for the
unit exterior normal to 092, as well as the inequality do(y) > 0 for all y € 9S.

Remark 1. We could also deal with any 2m-th order linear differential elliptic operator
A = 3 <om Aa(y)Dy satisfying conditions (4.2.2) and (4.2.3) in [7, p. 112]) and
endowed with m boundary conditions related to m boundary linear differential elliptic
operators satisfying conditions (4.2.5), (4.2.6) in [7, pp. 112-113]. In this case 2 stands
for a bounded open set in RY with a C*™-boundary.

Functions a and f and uq satisfy, respectively, properties (4.3), (3.6) and
feC™h([0,T; LP(Q),  f(0,-) =0, wup€ WyP(Q)NW(Q), up=0inQ\Q,

for some p € (1,4+00) and g € (0,1)\ {1/(2p)}.
Finally, we assume

[66(0,) + (0,0, )] " [ Dyto(0,-) + 3 a2,(0,0,)D,, Dy ug
5J J

ij=1

27 83,5(0,0,)Dayrig + (0,0, oo

j=1

+O/(O)[IO2<07 O, ) - 101(07 07 )] + th(ov ) S W267P(Q>7 5 S (07 6)7 (518)
where the intermediate space W?%P(Q), B # 1/(2p), is defined (cf. [18, p. 420] by

WP (Q)) = { W), 0<a<1/(2p),
e eWPr(Q) o =0m a0}, 1/(2p)<B<1.

We can state the result of this subsection.

Theorem 5.2. Under assumptions (3.5), (5.13)-(5.18) problem (5.10)-(5.12) admits
a unique solution u € C'A([0, T]; LP(Q)) N CP([0, T]; W, (Q) N W?2P(Q)) continuously
depending on the data (f,ug) with respect to the metrics pointed out.

Proof. First we introduce the linear operators

Kh,U(tv S)u(x) = ph(tv 8y $)U(33),

Kpa(t, s)u(x) = Z aﬁfj(t, 8,2) Dy, Dy u(x) + Z ag’j(t,s,x)iju(x)

7,j=1 7=1
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+ago(t, s, z)u(z).
We observe that
Ko, Do € COwn(T); £(X)), Ky, DIy € COwn(T); LY X)),
where the open sets wy,(7T) are defined by (1.4) and
Y = WyP(Q)NW?P(Q), X = LP(Q).

We observe that, according to our assumptions on ¢y, the kernel of the linear multipli-
cation operator defined by £4(0, -) coincides with the vector space

N(Ly(0)) ={weY  :w(x) =0, 2€ Q\ Q}, Q={recQ:{0,z)=0}.
In particular, we observe that
[KO(ta :L‘)] + KQ,O(t)tv J])]U(CC) = [E()(t,l‘) + p2<t7t7 CL’)]U(CL’), te [O’T]a S ﬁa

is continuously invertible from C?([0,7]; X) into itself for any 7 € (0,T]. Then the
linear operators K3(t) € £(X) and K4(t) € L(Y; X) are defined by

Ks(tyu(z) = [bo(t, ) + p*(t. £, 2)] 7 (p* = p')(t, a(t), 2)u(2),

Ki(t)u(x) = [bo(t,2) + pA(t, t,2)] ! [ 3" @2, (t,t,2) Dy, Dy yule)

1,7=1

+ Z aaj (t,t,2)Dy;u(z) + aao(t, t, x)u(x)],

Es(tyu(x) = [lo(t,z) + p*(t. 1, 2)] (.1, a(t) — p'(t. 1, a(t)].

We note that, according to (5.17), K4(t) is uniformly elliptic for all ¢ € [0,7] with
positive constant jip. As a consequence, the family of operators {Ky(t) }1cjo,r] satisfies
the assumptions of theorem 6.1.3 in [7]. Therefore it generates the evolution operators
G(t,s),0<s<t<T.

Furthermore, the properties H1 and H2 in Section 3 involving the family K4(t)ico,n
are satisfied according to assumptions (5.13)-(5.17) and the results on pp. 140-144 in
[10].

Finally, condition (3.13) simplifies to (5.18). O

Affiliation. A. Lorenzi is a member of G.N.A.M.P.A. of the Italian Istituto
Nazionale di Alta Matematica (I.N.d.A.M).
A Appendix

Here we outline the proof of Theorem 3.4. We recall that the family of operators
{K4(t) }eepo,m is assumed to satisfy properties (4.15)-(4.17).
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We recall now that the evolution operator G admits the representation (cf. [7, Chapter

3])
G(t,s) =50 LW (ts), 0<s<t<T, W(tt)=0, tel0,T],
where
W (t,8)|leexy < ez |IDW(ES)|le) <ecalt—s) P, 0<s<t<T.

for some constants c3 and c4.
For any ¢ € (0,1), we consider the following formulae holding for all ¢ € [0, T):

D, /06 G(t,s)f(s)ds = G(t,et) f(et) + /E D,G(t,s)f(s)ds,

— Gt e (1) + Gl 2 f (e /Dt (. 5)f(s) ds,

/ DiG(t, ) (s) ds = / DG, 9)[f(s) — (1)) ds + / DG, ) (1) ds,
/ODtG( /D (t=s)Ka(t ds+/ DW (t,s)f(t)ds

_ _6t(1—5)K4(t)f(t) tK4 t)f / Dt t S )d

— —f(t) + eFatt /Dt (t,s)f(t)ds, ase—1—.
and

Dy /06 G(t,s)f(s)ds = G(t,et) f(t) + G(t,et)[f(et) — f(t)] + /05 DiG(t,s)f(s)ds

ethalt /Dt (t,s)f(t)ds, te[0,T], ase — 1—,

K4(t) /05 G(t,s)f(s)ds = /E Ki(t)G(t,s)f(s)ds = /08 DiG(t,s)f(s)ds

Ly f(t) 4 et /Dt (t,$)f(t)ds, t€[0,T], ase—1—. (A1)
To derive the formulae involving t¢-increments, we need the unbounded curve ~(n),
In] < ¢, oriented from coe™ to ooe™ and defined by

) = {remeC:r>0}U{re”"ecC:r >0}
Then we observe that for any pair 0 < t; < t5 < T we have

]1(t1,t2) = 6t2K4(t2) — 6t1K4(t1) = L/ th)\{ [/\ — K4(t2)] [)\ K4 tl } }d)\
27 )
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_ [ (X = Ka(ts)] " { [Ka(ts) — Ka(t)] Ka(t) " Y Eu(0) [N — Ka(t)] " dA.

270 o)

For any A € v(n) we have Re A < 0, so that the following inequalities hold:

taXd _ tiA P ? Rex ? Rea 1-8 ai
et — et = ‘/ )\esds‘§|)\|/ e*e ds§|)\|(t2—t1)’8[ esReM/( )ds]
t1 t1

< Wie-n)[ [

(1= B)PINRe A2 (ty — t1)”

“+o00

1-p
osReM/(1-5) ds]

IN

Whence we deduce the estimates

Co(l + Co)

I (tq,t <
H 1( 1, Q)HL:(X) — o

| K |es om0 [t2 — 751!’8/ |A|TreltReA |d )
>\0+'7(5t71777)

- c2(1+ Co)c

S 5(2,m)e"™ K oo orpeoxylte — bl =: colta — t1]7,  t1,t2 € (0,77,

Consequently, if f € C5([0,T]; X), we deduce
lef2002) f () — e Fa £21) || < (|54 o || £(22) — f(8)]
+ef2 ) — B | F ()] < Jt = 81| fles oo (o + c6T7).

Finally, it is well-known that the integral involving D, e.g. in the last side in (5.7),
defines a function in C?([0,T]; X).
This concludes our task.
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