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Abstract The radiation field of a laser (a collimated laser beam) in a bounded domain is
considered. The paper concerns reconstruction of this field from measurements made on a
part of the domain boundary. The relevant model problem of the physical system is described
by the Cauchy problem for the Helmholtz equation on a rectangle in the case when noisy data
are given on one side of the rectangle only. In the general case when the beam is not axially
symmetric, a convergent series representation of the solution is derived. This representation
is the starting point for formulation of different regularization methods. An example of a
spectral type regularization method is formulated and analyzed. An error bound for the
method is presented.
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1 Introduction

In optoelectronics, determination of the radiation field surrounding a source of radiation
(e.g. a laser or a light emitting diode) is a problem of frequent occurrence. As a rule,
experimental determination of the whole radiation field is not possible. Practically, we
are able to measure the electromagnetic field only on some subset of physical space
(e.g. on some surfaces). So, the problem arises how to reconstruct the radiation field
from such experimental data (see for instance |3, 17]).

Let us consider collimated light beams generated by some sources. In this case the
sources generate the electromagnetic field in the whole space R? outside of the sources,
but field values become very small, practically vanish far from the beam axis.

We consider a simplified mathematical model (for a stationary case) in which each
component of the field in an open bounded domain D outside of the sources is a solution
of the Helmholtz equation

Au+k*u=0 in D, (1)

with a given real wave number k. The problem consists in reconstruction of the solution
wof (1) in a subdomain 2 C D from measurement data, i.e. from inexact values of u and
its normal derivatives given on I' C €2, I' # 0€). The above-mentioned problem is an
example of the ill-posed Cauchy problems for elliptic equations. In the recent literature
many aspect of regularizing these problems with noisy data have been studied. For an
overview see e.g. |1, 5, 6, 8]
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For simplicity we restrict our consideration to the case of rectangular domain €2
in R? where the solution of the Helmholtz equation has to be reconstructed. The
obtained results can also be extended to the case of a cuboid. With respect to real
experiments for a collimated laser beam it is reasonable to assume that measurement
data are given only on the one side of rectangle (cuboid) most distant from the sources.
This is the main difference between this paper and previous ones, cf. [4, 10, 11, 21]
where additional homogeneous or periodic boundary conditions are assumed on the
sides parallel to the beam axis. However, the homogeneous boundary conditions have
no clear physical meaning, and periodic boundary conditions can be applied only in
the case of symmetric beams. The model considered in this paper is more general.

In |7, 15, 16, 19, 20| the Cauchy problem for the Helmholtz equation (1) was consid-
ered on the infinite strip R? x (0,d) (or R x (0,d)) with data given on a one strip side.
The approach applied there consisted in application of Fourier transform with respect
to the two variables in R? (or the one variable in R) which yields to the equivalent
formulation of the problem in the form of an operator equation in the frequency space.
It was shown in [16] that some spectral type methods give the optimal or order optimal
error bounds on certain source sets. This approach cannot be directly applied for the
case of rectangle or cuboid because the related Fourier series are not termwise differ-
entiable (as it is in the case of homogeneous boundary conditions on the sides parallel
to the beam axis). However, using the idea described in [12, 9], we replace the nonho-
mogeneous boundary value problem by the auxiliary one such that the eigenfunction
expansion method can be applied for it. This yields to the infinite system of differential
equations which is satisfied by the Fourier coefficients of the solution expansion.

In Section 2 we derive a series representation of the solution which is the starting
point to formulation of different regularization methods. An example of a spectral
type regularization method is formulated in Section 3. Error bounds for regularized
solutions are obtained. These estimations depend on the regularization parameter, a
measurement error and a priori bounds for certain norms of the solution trace on the
rectangle sides where no measurements exist.

2 Cauchy problem on a rectangle

Let us consider the two dimensional model problem presented schematically on Fig.(1).

Assume that v € H?(D) satisfies the Helmholtz equation on an open domain D C R?.

Measurements are available on I' = (0,a) x {0} C D. Let g and h be the exact values
ou

of the solution v and its derivative 5y on the set I'. Therefore, u is also a solution of

the Cauchy problem on Q = (0,a) x (0,b) C D

Au + k*u = 0, in Q ; 5

{ u(z,0) = g(z); uy(x,0) = h(z), =€ (0,a). (2)

The problem (2) is ill posed in L?(2): the solution does not depend continuously

on the boundary data and it is also possible that no solution exists even for arbitrary
smooth functions g ~ g, h ~ h. However, if g, h determine a solution of (2), then they
determine exactly one solution (see [8], Chapter 3). This uniqueness result is shown
in [2|, Theorem 4.1, for the case of an arbitrary Lipschitz domain in R? under the
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Figure 1: Scheme of the model problem with measurements available on I' only

assumption, that 3z € I' and Ir > 0 such that I' D B(z,r) NI where B(z,r) denotes
the ball with the center z and the radius 7.
Problem P1. Given noisy data ¢°(x) and h°(z) on I satisfying

lg = 9 lz200) < 0, 17 = Pllz20) <O (3)

for a given data error bound . For any fixed y € (0, b] find a function u°(-,y) € L*(0,a)
which is an approximation of the exact solution u(-,y) for (2).

Let 'y := {0} x (0,b), I'y := {a} x (0,b) and f; :=
following assumptions on the problem under consideration

1 = 1,2. We make the

A1 : The exact solution u is small on I'y, I's, i.e. de
I fillzzopy < e, i=1,2; (4)
A2 : A constant M < oo is known such that

(- D)l 20y < M (5)

2.1 Auxiliary problem

Let us consider the following auxiliary problem:

Au+ k*u =0, N in Q;
u(z,0) = g(z); uy(x,0) =h(z), z€(0,a); (6)
u(0,y) =0, u(a,y) =0, y € (0,0).



49 Regularization methods for mathematical model of laser beams

Let the functions § and A be such that the solution @ of (6) exists in H2(Q2). Using the
method of separation of variables we easily find

nmwx

u(w,y) =D Un(y)sin— (7)

a

where

8
§n+hny> 1fn:% ( )

™

Gy, cosh n—i-iﬁnsinh n,  ifn £ %
Un(y):{g shyG + ¢, Y -

and ¢, 1= 4/ % — k2, g, and h,, denote the Fourier coefficients of the odd 2a- periodic

functions equal to g and h on the interval (0, a), respectively.
For simplicity we will assume subsequently that a # 5*.

2.2 Series representation in general case

Problem (2) is equivalent to

Au+ k*u =0, in 2 ;
u(z,0) = g(x); uy(z,0) =h(x), =€ (0,a); (9)
u(0,y) = fi(y);ula,y) = fa(y), y€(0,b).

with unknown data f; and fs.

In order to use the variable separation and the eigenfunction expansion methods,
as it was done for (6), we reduce the nonhomogeneous boundary conditions to the
homogeneous case (cf. [12], [9], sec.6.6). We choose P as an interpolating polynomial

with respect to x, i.e. P(x,y) = po(y) + p1(y)z and P(0,y) = fi(y), P(a,y) = fa(y).

o o) = (W)
Yy)— 1y
P(a,y) = fiily) + =" (10)
Clearly, if u is a solution to (2), then the function
U(ZL’,y) = U(ZE,y)—P(l’,y) (11)

is a solution to the following initial boundary value problem

Av + kv =1, in ) ;
v(z,0) = g(x) — P(z,0); vy(x,0) = h(z) — Py(z,0), z € (0,a); (12)
v(0,y) = v(a,y) =0, y € (0,b),
where
(@, y) = ho(y) + iy, (13)
¢O(y) _ —f{'(y) _ kal(y), @ZJl(y) _ fl (y) ; f2 (y) + kal(Z/) ; f2(y>.
Let

fio = lim fiy), fir:=lim fi(y), i=1,2
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Theorem 2.1. Ifu € H*(D) and wgq is the solution to (9), then for any fized y € (0,b)
u has the following convergent representation twice differentiable term by term

u(a,y) = Pla,y) +Zv )sin - (14)
with P given by (10) and
Va(y) = gn coshy, + ;—n sinh y(,, + Cn /y sinh((7 — y)Cn)@n(7)dT, (15)
where
o im T K2, = 22 (1) o+ ) )

- 2 n ~ 2 n
In = Gn — E (fl,O + f2,0(—1) H) y hyp = hy — E (fl,l + f2,1<_1) H) )

and gn, hy, are Fourier coefficients of the odd 2a periodic functions equal to g and h

n (0,a).
Proof. We split (12) into the well posed nonhomogeneous Dirichlet problem

As + k%s = 1),
s(x,0) = sy(x,b) =0, (16)
$(0,y) = s(a,y) =0,

and the ill-posed Cauchy problem

Aw + k*w = 0,

w(x,0) = g(x), wy(x,0) = hy(z), (17)
w(0,y) = w(a,y) =0,

with g = g — P(-,0), hy=h— P,(-,0) — s,(-,0). The solution w to (17) exists, since
w = v — s and v exists by the assumption. Let S,(y) and W, (y) denote the Fourier
series coefficients for s(-,y) and w(-,y), respectively. From (8) it follows that

~ 1~

n

Moreover, it can easily be found that

y inh . b .
Cln /0 sinh(y—T)gan)dr—% /0 sinh(b — 7)Copn()dr. (19

For a detailed proof see |13]. O

Suy) =
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3 Identification u from inexact boundary data

The representation (14) of u depends on g,h as well as on the unknown traces of u
onto I'y and I'y. Moreover, if g, h are replaced by noisy data g°, h°, then this series is
generally not convergent. For approximate solving Problem P1 we propose a spectral
type regularization method which does not use unknown f;, i = 1,2.

Let o € (0,1) and
n2m?
Ne = max{n : cosh b —k2 < } (20)
a?

Let a regularization solution be defined as follows:

ZW6 smm (21)

where

2.2

n=m

1
W = ¢° coshy(, + C—hi sinhy(,, and (, := — k2. (22)

n

Let us observe that for any n, < oo the function ui is well defined.
In order to estimate the distance between u® and u we introduce the auxiliary
function

P(z,y) +ZV sm@ (23)

Its convergence to u Yy € (0, b] follows from convergence of (14).

Proposition 3.1. If the assumptions Al and (3) are satisfied and k # nZ, then
Yy € (0,b] and o € (0,1)

) €
||Ui(‘ay) - ua('7y)||L2(O,a) < Cla + 025, (24)

where c; = /3 + 3%, c; = 2v/2(1 + b) + 4VB3(a + 1) + Va.

Proof. According to (21) and (23)

=

”Ui(,y) _ua( Y )H < HP (Z

Since for n < n,

)\2>

sinh y(,
YGn

1
S NE

a
from(22) and (15) it follows

o 3
Vi(y) = W) < = {190 — 62| + ylha — K|+ 2 [|nl 2200) | -

QI»—‘
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By (3) and Al we have

e B4 = S 1

S g =B < 6% D b — B < 62
n=1 n=1
Moreover, according to the definition of ¢,

2v/2

e 44/2
onllz205) < g [2a + D fill r20) + | 2]l m20)] < ET(CLJF 1).

Thus, for C(a,b) = 4 (1 + b+ V20 (a + 1))

Z Va(y) — V)2 < 3 ((1 +12)82 + £2C2(a, b)i 732) <

n=1

52 g2 m?
< —3(1+0)+—=0%*—.
— a2 ( + ) + 042 2

Finally, the estimation

IPCy) e = 5 (AW + AW LY + L)) < ae?

ends the proof. O

Now we are going to estimate an order of convergence of u, to u. We have
1

lu(-y) = ual- )l < (Z Sn(y ) +<Z Wﬁ(zﬁ) ) (25)

n>ng n>ng

where S, and W,, are given by formulas (19) and (18), respectively. Due to definition
(20), if n > ng, then n > k2, ie. ¢, >0 and

1

< < 2a.
sinh b(,, “

We have two auxiliary lemmas.

Lemma 3.1. If S, are the Fourier series coefficients for the solution s(-,y) to (16),
then for n > n,,
2vb

1Sn(y)] < C lenllz2(0.5)-

Lemma 3.2. Let W,, be the Fourier series coefficients for the solution w to (17). If
Al is satisfied, then for n > n,

W) < [Wa®)? + g2 + 55 @(# 162 nﬁ
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We omit here the technical proofs of Lemmas. They are presented in details in [13].

Proposition 3.2. Let k # nZ. If the assumptions Al and A2 are satisfied, then
301,02 Vy € (O,b]

-

1 1
Nu(-,y) — ua( Yl 20,0) < Ci(arcosh—)"" + Cye(arcosh—)"2 (26)

0% (0%

and the constants Cy, Cy depend on a, b and k.
Proof. From (20) for n > n,

1 - b 1« b

Cn a'r’coshé n  aarcoshs
Taking into account Lemma 1 and the estimation

1 2a € 6a
lnll < ——(2”%” + [Jin]]) < g

we get
g2

> Say)<4b Yy —H%H2 (5aVb)*

(arcosht)?’
n>ng n>na

For estimating the second term of (25) we use Lemma 2 and the assumption A2, i.e.
||l (-, 0)|| < M. After some calculations we get

b7
W2 WAy < ——— M
Z n2 +1 Z n "< ) — CLZGTCOSzé

n>neq

Let G and H be upper bounds: [|¢'[|12(0,a) £ G and ||| 12¢0,0) < H. We get

G*V’r 1 2
2 2
<
Z Gn < n? +1 Z " Gn a? (arcoshé) ’

n>ng n>ng
1 2
—h2 < HVW | ——— ,
Z ¢ " arcosht
N>Ng [e
g2 g2
R S —17
n? arcosh=
n>neq @
which completes the proof. O

Summarizing the above results we come to the following error estimation:

Theorem 3.1. Let u € H?(D) be the exact solution of (2) and v’ be the reqularized
solution defined by (21) for noisy data (3). If the assumptions A1 and A2 are satisfied,
then there exist constants Cy,Cy such that Yy € (0, b]

0+e¢ 1 / 1
||U(’ )—U ( )||L2 0,a) <Ol o +02m <1+5 CL’I“COS}LE> (27)
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An open question is how to choose the regularization parameter o in order to
minimize the above error bound for given d and €. Naturally, because of ¢, we have
no convergence, when the data error bound ¢ tends to 0. However, in the model
considered, € decreases, when the length of I' increases. So, we may formulate the
following remark:

Remark. Let D be an infinite strip and Q := (z_,2,) X (0,d) C D. Let us assume
that Vedz_(g), x4 () such that

||U<ZL':|:.')||H2(O71,) S E.

Thus, if [|u'(-, )| z2r) < M and € = 0, then

~ 0 1 / 1
J
Hu(’y) - ua(', y)”Lz(m,,er) < Cla + CQW (]. +0 (lT’COSha) .

However, the constants 51, Chy depend now on the length of I' = T'(g), i.e. on x4 (g) —

x_(e).

4 Conclusion

The difference between our formulation of the Cauchy problem for the Helmholtz equa-
tion on a rectangle and the previous ones consists in the fact that here data are given
only on one side of the rectangle. In previous formulations, additional homogeneous or
periodic boundary conditions on the sides parallel to the beam axis have been applied.
However, they had no clear physical meaning. In such a case, usually, the problem was
formulated on infinite strip which allowed to apply the Fourier transform.

The approach presented in this paper is an alternative way to analyze such a prob-
lem. Under the assumption that the collimated laser beam is such that A1 is satisfied,
we propose a series expansion approach which yields to series representation of the ex-
act solution. This representation can be used for formulation of different regularization
methods. An example of such a method is proposed and its stability and error bound
are shown. The problem of choice of regularization parameter for this method is not
undertaken here and will be a subject of a subsequent paper.
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